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Introductory Manual

Policy development and administrative decision making in the public
sector often require the collection and analysis of quantitative dats and... .
the evaluation of analytic results. 6$§sequentiy, potential managers
and administrators require a solid foundation in statistical reasoning
and data analytic procedures if they are to become effective practitioners.

Most curricula in public management or administration have loug recognized
this need and have included an clementary statistics course in their re-
quired sequence: However, the ad hoc nature of most policy or adminis-
trative analyses; the low quality of most data sources, and the need of
policy analysts to communicate results to mon-technical audiences su gest
that the usual introduction to statistics may not be optimal. In addition,
since students of policy management rarely complete more than a two semester
introductory sequence in quantitative methods; the course must be compre-
mm;mm@aaaaannamaaamaammmm,
an additional problem is that most introductory texts in statistics, and
therefore most introductory courses; are oriented towards the matural or
biological sciences, covering topics and developing examples of relevance
chiefly to these disciplines.

Quantitative Methods for Public Management (QMPM) represents a break

with the traditional approach. The course contains instructional material
covering a broad range of statistical and data analytic procedures chosen
on the basis of their probable utility to public managers and administrators.

The material emphasizes graphics; robust procedures, model development;
and the evaluation and critique of analyses. Besides a specially selected
set of topics, the course contains data derived from "real world" policy
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relevant situations. All examples, exercises, and exam problems derive
from actual empirical situations of relevance to public policy managers

and administrators. By providing relevant contexts for the development
and exercise of abstract methods; the course assures a deeper and more
lasting educational experience for the student and enhances the student's
likelihood of successfuily mastering these methods: Quantitative evalua-
tions of the educational effectiveness of QMPM have shown that it possesses
definite advantages over traditional approaches (Leinhardt and Wasserman,

forthcoming; Leinhardt, Leinhardt and Wasserman, 1977).

General Overview

The package consists of three eiements: (1) a set of detailed lecture
outlines and supplemental material for an imstructor; (2) a set of reading
assignments, exercises, and exams for students; and (3) a computer system
for performing data analysis on numerical data files:

Instructors, assumed to be experienced at teaching statistics ot
quantitative methods, use the lecture outlines as guides in the preparation
of each 90 minute lecture: The outlines are extenmsively detailed and
organized in a conslistent manner. Learning goals and presentation acti-
vities are clearly defined and presentation aids such as overhead projector
transparency masters are keyed directly to the lecture outline. Since many
EB{:iES covered in QMPM do not appear in traditional statistics textbooks,
suggested readings are specified to provide instrictors with a guide to
background material.

Students are expect to have & minimum mathematical preparation of
college algebra. Units containing more advanced mathematical material
(such as calculus) are préceded by preréquisite inventories intended to
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detect weaknesses in student preparation and to serve as a remedial resource.
Supplementary material for reading by students provides c overage of items
whose mastery is prerequisite to mastery of unit material. Ré&éiﬁg assign-
;ents; exercises, and examinastions are keyed to the lectire sequence and

are designed to provide students with textual descriptions of methods,
relevant examples of empirical iﬁﬁiibitibﬁé, and opportunities to exercise
newly learned skills on problems whose substance is-intellectually intera :
esting and of a contemporaty nature. Worked solutions to problem sets

are provided so that feedback to the student can be rapid and, therefore,
educationally effective.

The reading assignments for students refer to both textbooks in methods
and academic journals. Several texts are used since, at the time the course
ﬁﬁs:desigﬁed, o single text existed which covered all the topics represented
in QMPM. Those texts which are heavily read should be purchased while others
can be consulted at the library. Journal articles serve the purpose of ex-
posing students to studies of the type they will likely have to read and
digest in performing futire professional activities. By and large, the
selected articles are reprinted in certain edited volumes and purchase
of these is suggested. Other material can be found in university and
college libraries.

A computer software system is available to provide students with the
opportunity to perform numerous data analyses. One of the most limiting
features of traditional approaches to the teaching of data analysis is
their reliance on student performance of the arithmetic necessary for the
completion of an exercise. While hand calculators have facilitated these
operations, many of the procedures covered in QMPM require elaborate

arithmetical operations which are arduous to perform even on advanced
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practices requires the student to be ready to try several approaches to
the same problem or to repeatedly reanalyze parts of a problem. Such
experience provides the student with illustrations of the sensitivity of
analytic results to the methods applied with practice at the application
of similar téchhiqaés in aidéiy differing circumstances.

Although frequent performance of analytic activities contributes to
learning they can burden the student with an inordinate amount of repti-

tious and boring hand work. The computer routine (CMU=DAP), available for

use with the OMPM package, obviates this activity by having the computer

perform the arithmetical operations. The system is designed so that

The routines are '"called" in a language that is easily understood and em-
ployed by novices. While the machine generates graphics and performs
computations, the student is free to concentraté on alternative analytic
strategies or the evaluation of analytic results. Note that while the
computing system enhances the learning experience, it is not an essential
feature. In particular, instructional material does not depend on its
availability. Other commercially available systems such as SPSS, IBM
STATPAK, etc., contain routines for performing many of the procedures
covered in OMPM and may be substituted for CMU-DAP. Also, new and planned

texts (e.g., McNeil, 1977, and Hoaglin and Velleman, in preparationm)

Goals
QMPM is designed to facilitate the education of public managers and

administrators in contemporary data analysis, to provide them with skills
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for understanding and criticizing analyses performed by others, and to
provide them with skills for presenting and interpreting:technical material

to mnon-technical audiences.  The pedagogic structure, topic organization,

students with a deep understanding of data analytic methods and assuring

that a high proportion of students will acquire mastery of data analytic

skills.

“MPM's curricular material is divided into four independent modules

which are further disaggregated into content units consisting of varying

nissr-ers of 90 minute lectures.

Li” - 7:771 :7 7777777 ci%

A year's length course can be organized by either following the

specified sequence of modules and gnits or ES&ifiiﬁé this §é§ﬁéﬁéé to
fit the purposes of the instructor: The designed sequence is based on
a hierarchical development of skills for handiing increasingly more
compiicated data sets: Thus; in Module I; single batches of data
precede multiple batches; and in Module II regression with one carrier
precedes regression with multiple carriers. Note; though; that QMPM's
topic organization is non-traditional: The most dramatic deviation

from usual sequencing occurs in the presentation of regression as a
modei fitting procedure before the presentation of probability notions.
The assumption here is that probability and inference are not essential

to the process of constructing models: Rather; they speak to the issue
sampiing situationms: The.logic behind this sequencing is discussed

9
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in Leinhardt and Wasserman (i§f7§. An alternative and more:traditional
approach would place Module III; particularly units 5 and 7, Before
Module II. Regression could theén be covered either directly after
Modile III or after Module IV. Unit 8 can occur anytime afier Module III
but Unit 9 should not précééé Module III. A diagram of modulé and unit

dependence appears below.

Diagram of Module and Unit Dependence

| Y |
| o Pferrdweme 1]

4 =
-
6

_ l .
e .9 -

Modules are circled and indicated by Roman numerals; Arabic mumerals
refer to units. Solid lines indicate design dependence; dashed lines

indicate alternatives to the sequence implicit in the unit numbers.
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Each module and each unit.is a complete instructional package and

can, Eﬁe;efo;e; be ééuéhé independentiy of other QMPM éomponents. How-
ever, each does possess a set of prerequisites which are bften covered
in preceding components: If E£§éé;§ of these prerequisites is assured,
prior components need not be taught.

Since the ﬁéekége is modularized components can be used to create

short courses foeusiné on specifig topics or as part of inm-service

training onéEéhé that o of topics. For example, a

: data anaiysts could be composed
" of units 1; 2; 3; and 8 A shd?t course on analysts of coﬁfingency

tables could be based on units 5 6 7 and 9. course 65 iédérn

data analytic graphics could be’ developed using uﬁlts 1 and 2. A short
course in regression could be based on units 3, 4, 5, and 6. A flow
chart of these alternatives appesrs below. Other courses can be con-
ceived and interconnected with these suggested sequences.
Flow Chart of Alternativeﬁﬁnit Sequences
for Short or Speejgiized Courses

n

Exploratory data analysis
Short QMPM

No rééreésioni contingency
tables

Traditional épproéchk
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Package Deve lopment

The QMPM package was developed at the School of Urban and
Public Affairs (SUPA) of Carnegie-Meilon University (CMU). SUPA
offers both doctoral and masters degree programs which &iphasize
public sector professional activities and research. The school is
heavily committed to research and to fmnovations in teaching. The
educational staff at SUPA is quantitatively oriented and recognizes
the essential importance of sophisticated quantitative training at
all graduate levels.

At SUPA the need to develop skilis for performing quantitative
studies and for presenting results in an informative &nd effective
fashion has iiwiy: been recognized. Until 1975, satisfying this

need was viewed in the traditional manner of including a year's
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sequence in introductory statistics either through a course offered

In 1975 an attespt was made to break with the past. QMPM was
put together following the acquisition of information on data
analysis problems experienced by a broad range of practicing public
managers and administrators. From mailed questionnaires and
interviews with practitioners it became evident that both the approach
and content of traditional courses were suboptimal as far as the
needs of public sector professionals were concerned. As & conseqiience,
a course was developed that emphasized graphics, exploratory proce-
dures and robust analyses. In addition; topics such as survey
design; sampling methods and analysis of cross-classified data
were added vhile other, less relevant material, was excised:

In the 1975-1976 academic year an experimental version of
QMPM vas offered to approximately 20 first year masters students
at SUPA. Emphasisiug application and based in a relevant empirical
context, the course proved to be an outstanding success. When
the NIDS/HUD curriculum development prﬁjéct was announced, 6ﬁiﬁ
seemed to be a natural base for a proposal and it was ultimately
funded.

The course development activity took place between May 1976
and August 1977. Simultaneously, during the academic year, an
experimental version of the course bised on the curricular material
developed under the NIDS/HUD subcontract was taught. In addition,
a short version of Qﬁ@ﬁ was taught as part of an in-service
‘training program for personnel in community mental health programs.

Feedback in the form of student opinions and outside evaluative



observation of student progress were used to revise the imstruce
tional material. The final product has bees tested under a variety
of situations and promises to provide a significant " improvement

in the edﬁcatidﬁai experience Sf public &&Binistratbrﬁ and managers

Leinhardt, and Wasserman (1977) reports results of a quantitative

evaluation of the experimental 1976-1977 iﬁpi;nentation;
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Inistructor's Manual

Introduction

11c Management contains instructional

in data anaiy§i§: (I) Exploration
of batches of data; (II) ﬁddEiihg‘COhfinUOES dsta.ﬁsiﬁg regression;
(III) Probability, sampling snd inference; 2ﬁd'(§§5 Modeling cross-
classified data. Each module consists of lecture outlines, reading

assignments, examinations and exercises with solved problems, masters

for visuals, prerequisites
to students. The lecture aﬁti;éﬁf are to be used a5 presentation
guides for instructors. All#%?ﬁé?;material 18 for student use. Com-
puter routines are also aéiiiééie for student use in performing
analyses of empirical data,

The QMPM modules are not self-contained inmstructional components:
Their use depends upon the availability of various commercially dis-
tributed texts, readers; and similar resources. These resources are

detailed below and in the modules themselves.

A *

All modules are simiiariy ﬁrgaﬁized; The instructional strategy
used follows established educational theory: Prerequisite inventories
are emploved to determine whether students possess knowledge of var-
1ous coricepts and methods upon ﬁﬁigé;maétéri of a unit's substance

depends.. Handout material and references provide students with de-

tailed and sufficient information® on these prerequisites. Broad

based understanding of technical areas is avoided at this stage, with
focus instead on specific tools or ideas that are used in the units.
The units themselves contain introductory material in the form of

advanced organizers which sensitize the student to topics and ideas
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that will be covered in the unit. New material is then presented in an
instructional mode with general primciples fbiiéﬁéa by exawples of appli~
cétibﬁg or development. Vi§ﬁéié; in the fo;m qﬁ:gjerhead projector
transparencies, are used extensively: Students sHould have coples of
these slides in hand while the lecture proceeds. All examples are based

istration: Students demonstrate learned skills in three situaticns:
homework; papers and quizzes: Homework is designed to present students
with problems to be solved in Eﬁﬁééééﬁféd time periods. Solution of
specific, well-defined problems are at issue here: Papers provide longer
study periods and require demonstration of comprehension and interpre-
tation of an unstructured problem. Exams require students te operate
under pressure to solve relatively straightforward problems. Text
references and readings on empirical studies in which quantitative
analytic methods are éﬁﬁiiéé to é&pificai policy issues prﬁvide‘étﬁaénté
with diverse examples of applications. Computer operations permit
siudeﬁtg to participate personally in numerous aaalyééé; It is recom-
mended that students write one 10 to 12 page papeiiat the conclusion of
each module, the topic should be selected by the student in consultation
with the instructor: The paper should contain a guantitative analysis of

of a public policy issue and an extensive verbal discussion of the study.

g!’,i, B 7!,,,;

The goal of QMPM is to help students of public management and admin-
istration master a diverse set of data analytic tools. Closely associated
with this goal is that of providing students with a critical sense of

what is a good and useful analysis and with skills to present relatively
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complicated analyz»s to non-technical audiénces in Such a manner that
results and implications are effectively communicated. Paper assignments,

as discussed above, are essential to achieving this goal.

Instructor’s Role

Quantitative Methlods for Public Management (QMPM) is first and
foremost a course in data analysis and statistics. GQMPM has been
designed under the issumpti'on that students will _iﬁ cofitinue a course
of study in statistics Eéi&n& their experience with QMPM. (Although
QMPM does provide all essential material for continuation): Thus,
the material covered, the presentation process, empirical context and

instrictional activities have been designed to achieve both a broad

analytic skills.
The role of "the instructor in accomplishing these objectives is

critical. Because courses in quantitative methods are traditionally
thought of by students as "hard" courses and even irreievant to their
main concerns, instrictors of required quantitative methods .courses
face a particularly difficult task. When the material covered is as
novel as that in OMPM the behavior of the instructor becomes even
more central to success:

The instructor must possess self-assurance and be able to &éﬁ&ﬁ-
strate competence. with the methods taught. Instructor familiarity
sith the substance and procedures of QMPM is; thus, essential. Prior
to teaching QMPM the instructor should proceed through all of the
instructional material so that the essential features and idiosyn-

:racies of the course are known. To a great extent, Qﬁfﬁ is an
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attitude--an attitude towards data, their manipulation and analysis. For
successful transference of this attitude to students, ingtructors must
be able to demonstrate it in their own behavior, in their willingness
to pursue unorthodox analysis and to explore data in attempts to make
the data "talk." This attitude is not easily transmitted to students,
especially students who may possess only weak mathematical skills or
who have been taught that data are sacrosanct. Nonetheless, acquisition
of this attitude towards analysis and towards quantitative data may
be considered to be the primary behavioral cbjective of QMPM.

The instructor is expected to perform much in the manner of an
instrﬁétbt in any traditional course. A lecture situation is assumed
in which thé instrictor presents material on a scheduled basia before
a groiup of students. The lectiire outlines should be used by the in-
structor as a guide in the preparatiOn of a lecture. The instructor
should promote questioning by stvdents; pursue génerai proBiems of
understanding in depth but leave for private consultation an, individual
student's problem when a brief re$po1se is u(satisfactory.

The instructor should constryct dany e*.mples of the applica-
tion of QMPM procedures. These) amples nehi not be elahorate but
should demonstrate how understaniing of a policy or administrative

issue is improved by use of data’ analytic tools. The instructor should

national or international interest. Affifiéiéi.eﬁampieg, uniégg the point

they make cannot be covered in any other way, should be avoided
The instructor should be available and fé§565§i§é to student

inquiries outside of fbrﬁéii? scheduled class periods. Students are

required to engage in numerous exercises and should be encouraged to
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try alternative approaches to a given problem rather than seek the one

"correct" answer. Since this will inevitably lead some students
into situations which they do not have the knowledge to understand,
they should know that help is available. Remember,; good positive
attitudes towards the performance of analysis are essential. Lack of
édﬁﬁofé from instructors sets up a poor role model and turns students
off. Since courses in quantitative methods have historically suffered
from a poor image; instructors should act to compensate for student
insecurity.

Besides being available and supportive; instructors should provide

students with Eépid feedback on exercises, paper assignments, and exam
performance. Because of the diversity of topics coverad in QMPM students
may be unable to use feedback information Eéééfding a particular behavior
or skill if it comes long after demonstration. In addition, feedback

1S most effective in learning if it follows rapidly on behaviorat

action. When it dbéé, students can é&iugt their understanding or

modify a behavior while the activity is fresh in their minds and,

another circumstance.

Instructor's Qualifications

The instructor is assumed to have experience teaching quantitative
methods or statistics at the graduate level. Experience at performing

empirical studies contributés to the instructor's ability to relate

abstract notions or methods to real life situations. It is. not essential
for the instructor to be a statisticlan or mathematician. Nor is it

essential for the instructor to have extensive prior experience

» o4
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with all the topics covered in QMPM: An instructor with knowledge of
classical statistics is advised to read carefully all text and reference
material cited in the package and, in particular, to read Tukey, J.W.;

Exploratory Data Analysis, Addison-Wesley, 1977, Mosteller, F.M. and

J.W. Tukey, Data Analysis and Regression: - A Second Course in Statistics,

Addison-Wesley, 1977, Bishop, Y., S. Fienberg and P.W. Holland, Discrete

Multivariate Analysis, MIT Press, 1975, S. Fienberg, The Analysis of

Cross-Classified Categorical Data, MIT Press, in process,; McNeil, D.R.,

Interactive Data Analysis, Wiley, 1977, and Erickson; B.H. and

T.A. Nosanchuk, Understanding Data; McGraw-Hill, 1977.

QMPM can b= taught by a single instructor. However, with a sizable
class (10 or larger) the need for rapid feedback and availability may
infringe upon an instructor's other responsibilities. In such situations
it is highly advisable to have teaching assistants available. These
individuals should have regular hours in which students can have access
to them and should take responsibility for grading homework exercises

and quizzes. Since QMPM is supplied with worked problems for exercises

pose no difficulties.

If the computer routines supplied with QMPM are employed; then a
staff member should take responsibility for interacting with students
regarding their usage. The system that is provided has been extensively
tested énd déﬁﬁggé& éh&; théréfbré, should need no software work Beyond
that required for mounting on the local computer. However, students
unfamiliar with computer software packages miy bacone uﬁhé&éééé?ii&
frustrated by their own lack of knowledge about the system. This can
30
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be relieved by assigning either a teaching assistant or another staff
member the responsibility of becoming adept at using the system and
‘relying on that person to act as an inhouse systems consultant. Data
acquisition and mounting might be handled by the same person. It

is Eﬁééééééd that a large data library shouid be acquired and left

open to student exploration.

Techaical Resources

Because of the uniqueness of QMPM no single textbook is fully

altérnative means for reviewing the contents of a lectiure. Instructors
might wish to reproduce copies of lecture outlines so students will
have a topic outline of covered material. Of particular utiiify here,
however; is the use of video taping equipment. If such resources are
available, then lectures should be taped and a tape library of the
course constructed which students can exploit at any time. Such
devices have been highly regarded by students when employed in experi-
mental implementations of QMPM. A technical requirement for such
équipment is the ability to resolve small chafacééfé‘éﬁéﬁ written

on a blackboard:

QMPM is designed to be taught by an instructor in a traditional
lecture format. A hall or room which possesses ample blackboard space
is required. The instructor should feel free to write examples on the
board, draw figures, and otherwise illustrate material as the need

arises. If video taping equipment is used, thée room should have

Lo
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sufficient lighting to permit high contrast resolution of material
written on the blackboard. Since the use of overhead transparencies

a location for the projecter: QMPM comes with dense paper masters of
transparencies. These should be reproduced onto plastic slides by

the instructor through use of éﬁﬁf&ﬁfi&ié equipment. The instructor
should distribute paper copies of these transparencies to students
before a lecture and should also assure that Eéﬁféadéfiéﬁé of other
hand-out material are available on a timely basis. Since referemces

to contemporary texts and articles occur in both student and instructor
material, the availability of a library is advantageous.

If the computer routines are to Bé used, then the routines should
be mounted on a computer before the course commences. While the system
has been adequately debugged, there are iikely to be local machine
1diosyncracies that must be overcome for efficient operation: Some
software may have to be written at the implementation site as a com-
sequence: The computer system is designed as an interactive system.

A timé-shared computer and hard-wired or acoustically coupled printing

can be operatéd in a batch processed mode, its educational utility is

maximized when it is bpérétéd interactively.

Use of Instructional Materials

The 5EiE£E§ curricular componerits contained in the modules are

lecture outlines, one for every 90 minute lecture in the course. These

are organized with a zero™® lecture containing advance organizers for
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Instructors are expected to use these componients as topic
guides ind.nré not expected to adhere to them absolutely. Both
the level of preparation of students and the nature of the imple-
mentation should condition the actual iEéEéﬁE&Ei&ﬁ'SiﬁiﬁiéEiii;
Similarly, visuals in the form of overhead projection transparen-
cies; homework i)i'oblé]ns'; é:;ampiég; and test material are provided
as guides. While those delivered in the QMPM package can be used
as they stand, the instructor should make an effort to construct
comparable examples and problems which are relevant to the specific

time and place of the implementation: In additien it is the respon-

sibility of the instructor to see that coples of material to be
used by students and copies of transparencies be prepared and
distributed.

The expected usage is as:-follows (recalling that each module
18 organized in units): A preréquisité inventory containing
material whose comprehension is required for mastery of QIfPM unit

topics is distributed. Homework problems on prerequisite material

(which can be taken home or done under in-class test conditions)
follow. Solutions to these problems are given to students afber

they have attempted to solve the problems. Difficulties with
prerequisite iE@éﬁEBE? ﬁEéﬁiémé should be resolved by the student and
confirmed by the instructional staff prior to exposure to new material:

A lecture N-0 (where N indicates the unit) precedes every unit: This
lecture (which is discretionary) contains advanced organizers to focus
the student's attention on topics that will be covered in the unit.

The more compiéx the materiai,covered in the unit thé more important




are the advanced organizers. .The instructor uses the lecture.outline
in this and évérsi case as a éi&a?, aaaifiiﬁg and adjusting the presenta-
tion as style and context dictate.

The material presumés a.lecture, i.e.; an instructer standing before
an audience and making an oral presentation. Each lecture 18 90 minutes
in duration (which may be orgarized’ into one or two class sessions).
Présentation aids that are aiso assumed are a blackboard with space
sufficient for t:biiiéué drawings and &ifiﬂg equations, an ovériiée{d
projector and screen and aﬁplicééiaﬁ faciiities EéE ﬁfoducing Handouts
prior to a lecture. Suggested presentation sequences for transparencies
are Eéyed by number in the lecture outline (numbers in brackets on
righthand side) and summarized in a transparency guide.

?6113§ii§ presentation of the unit's introdictory lecture a student

iz assignment is distributed. The number of lectures for each unit

depends upon the unit's contents: Following the substantive lectures
instructors should provide a review lecture, although such lectures are
discretionary. Classes of advanced or experienced students may not need
review while slower students will find reviews critical to complete mastery.

Homework problems and quiz material with worked solutions follow

each unit's lecture. The homework schedule should assure rapid return
of graded and corrected problems. Studeénts should require no more
than one week to hand in homewcrk and should receive correctéd home=
work in two to three days. Students f&iiiﬂg to comply with homework
requirements or who consistently hand in erroneous problem sets should
be singled out for remedial help. A unit quiz should be conducted

34
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in a classroom under examination conditions. Students should be permitted
the use of hand-held calculators:

This entire procedure is repeated for each unit: A week of class
should normally include three hours of instruction with one to two addi-
tional hours available for workshop and review (with instructional staff).
Workshops are also used for the presentation of special material (such
as "Some Principles of Graphics for Tables and Charts" in Module I).

The instructor is responsible for organizing and facilitating the
functioning of the course. The instructor is also expected to elaborate
on the policy relevant nature of examples; problem sets; and outside
readings. These elaborations should be made aurihg normal lecture
presentations and through handouts of worked problems derived from
iocal (i.e:; the locale where the implementation occurs) situations.
Workshops should include extensive discussions of applications.
Students are expected to attend lectures; complete homework problems,
and take quizzes and the final examination: In addition, students
should be required to prodiuce two papers (10 to 20 pages in length)

within a semesteér's time in which QMPM techniques have been applied

to a policy or public management problem of the student's own choosing.
These requirements allow the student to perform data analysis in three
types of situations: homework provides structured problems with lax
time constraints; quizzes provide structured problems with tight time
constraints; papers provide unstructured problems with extended time
constraints. 1In all cases grading should be based on the effective
solution of the problem and its interpretation by the student. Total
student preparation effort should range from two to four hours per
lecture.

3
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Use of the computer

QMPM is provided with a computer paékﬁge containing a set
of analytic routines and a data iif:ﬁﬁ; These are meant to be
used by the student in exercising learned skilis. Students
are expected to use the system in doing homework problems and
writing papers. While not essential to the successful implementa-
tion of QMPM; the computer system does provide students with
opportunities for péif&fming elaborate studies and for carrying
out numerous analyses where one study would otherwise be con-
sidered sufficient. Since empirical data are idiosyncratic the
effective analyst and critic of analyses should have extensive
"hands-on" experience with empirical studies. Such experience

often 18 a consequence of a long career. Students of QMPH,

- however, by using the computing system, can develop siuich experience

while they participate in the course. Homework problems that
require computer assistance are indicated. Alternative software
which permits students to perform necessary computations on a

machine may be used in place of the routines in the QMPM package.

Audience

QMPM 1s déiig&é& as an entry fevel masters course of one
year duration. Students in such a class are expected to have
are proficient in algebra: While some matrix algebra and cals
culus are used, the prerequisite inventories and handouts supplied
with QMPM provide sufficient coverage of these tools. No knowledge
of statistics is assumed nor is any experience with computers
or programming required. =

36
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Because of its uiitized-modular structure a variety of
courses other than a one year séquenice may be generated from the
QMPM package. At the graduate school level these may take the
form of short courses on specific topics or one semester courses
containing selected modules: In-service training programs may
also be developed. In each case student prerequisites are the same
as for & one year course save that certain advanced units in the

package build upon material covered in other units.
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Introduction

Quantitative Methods for Public Management (QMPM) is & course
of instriction in data analysis and statistics for students of
public management and administration. The course is designed to
teach you how to perform and criticize data analyses and how
to interpret and present analytic results for effective communi-

QMPM is structured into four modules which cover a diverse
set of quantitative analytic methods. Because of its modular
structare your instructor has the option 6f presenting all of the
material, in which case a year long course of study is assumed; or
aéiébting components for shorter periods of instruction; The
topics covered have been selected specifically for their utility
in policy and administrative 5Ed&iéi; Contemporary educational
theory has been used throughout to assure that you will have the

greatest chance of pastering the material aud develeping a deep under-

course; all examples, exercises and examinations are based_on
empirical data that derive from or are relevant to public policy
and administrative issues.

11



Audience

éﬁﬁﬁ is designed as an entry lével year long masters course.
However, its modular structure permits it to be used in shorter
course sequences and in in-service training programs. The atudent
is assumed to have successfully mastered a college mathematics course.
In some instances mathematical skills beyond this level are required.
In these cases a prerequisite invemtory test will be administered
by your instructor and material will be provided to aid you in

acquiring mastery of the necessary concepts and tools.

Instructional Organization

QMPM is designed as a lecture course. Your instructor wiil
prepare presentations based on the instructional material in the
package. Each unit of material will be precéded by a presentation
in which the instructor will describe the objectives of the unit,
the .types of skills you will learn and the nature of the problems
these skills will enable you tc solve. These advance bégéhizérs will
help focus your expectations about the unit and will enhance your
receptivity when new information is provided,

You should prepare for each lecture by reading the text and
article assignments befors class. These refer to textbook discussions
and application examples., Endeavor to become as familiar as possible
with each new ides you encounter so that each lecture will be more
readily understood. You should expect to spend bétween two and four
hours preparing for each lecture.

Prior to each lecture you will receive @ handout of repro-

ciuct:i.ons of any v:i.suai's your instructor will use in the présentation.
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This will enable you to refer to visuals during the lecture which
are not at that moment being projected. The lecture is keyed to
these displays, which provide examples and figures illustrating
concepts and methods covered in the lecture.

During a lectiure you should feel free to raise questions con-
cerning material being presented. It is important that you feel
that you understand the procedures taught and can apply thém in
othér contexts.

Following each lecture you should use your notes and copies of
the visuals to review the lecture's substance. If the lecture has
been video taped you should use this resource to review aspects of
the lecture that may seem more difficult than others.

Homework exercises will be distributed each week. These should
be attempted as soon as the topics :hey refer to have been covered
in class. It is absolutely critical that you do the homework.

Data analysis is a skill which can only be mastered through use.
The homework gives you an opportunity to eéxercise and perfect your
newly learned skills by exploring the kind of data that you are
likely to encounter in your professional career. You should try to
become facile at organizing, analyzing, and .interpreting these data.

QMPM is designed to maximize the beénefit you will derive from

sive experience.

in doing your homework and in taking examinations you will find
a hand calculator to be invaluable. These devices are relatively
inexpensive and one should be purchased at the beginning of thé course.

YOU Wiii neéci a maci'l:i.ne that has’ the 'four ar:i.ﬁunet:i.c funcf:i.ons;




logarithms and exponentiation: A memory is advantageous but not
necessary.

The QMPM package includes a computer system. If this system
is available in your course you should learn to use it early.
It will help your learning experience by removing the drudgery of

Eéﬁééiéi&ﬁé arithmetical 6péf§iicns from your exercises and permit
you to concentrate on amalytic strategy and on replicating similar
analyses on different data sets: Thus, you will be able to amass
more experience with data analysis than if you had to rely on hand
calculations:. Some exercises supplied with the course are meant
to be done on a computer: These will be so indicated.

QMM is supplied with worked exercises and exam problems, Thus,

your assignments promptly: When feedback on new skills occufs
shortly after demonstration of the skill; the learning process is
more efficient and effective: This is particularly important in,
the case of a technical course where new skiils build on older
ones, There is a cumulative process involved which will be short
circuited if you fall behind significantly.

As you progress in QMPM you will discover that other courses
that you may be taking will become easier. QMPM covers basic notions
and methods in data analysis and statistics: The procedures you wiil
learn in QMPM are used throughout the social and policy sciences,
and thus articles or textbooks you may read in other courses can be
expected to make use of them. Consequently, successful mastery of

QMPM will enhance the successfulness of your entire program of study.
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Module I

for Public Management (QMPM)
Many of you are wondering why students Of public management are

required to study quantitative methods: The reason is this: Public
management involves decision making; and making effective decisions
requires careful evaluation of information: Today, information of
relevance to public managers often comes In quantitative form: Its
evaluation requires an operational knowledge of analytic methods:
This course is designed to provide this knowledge by teaching you
data analytic skiils that will emhance your ability to gather quan-

titative data; operate on them; and use them to make better, more
effective decisions: The course's curriculum has been carefully

as possible to the realities of public management. You will be asked
to exercise your new skills on these data as you progress. To help
you acquire these skills there exists an elaborate support System com-

posed of pedagogic procedures; personnel and audio-visual equipment.
The system will be described in this introduction and in a class
presentation.

QMPM is a new course: One might even say that it is a revolution-

ary course. It 1s revolutionary in that it breaks with traditional
approaches to teaching quantitative methods in both its pedagogy and
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its substance. Pedagogically, it emphasizes mastery learning concepts,

the organization of topics into inferred learning hierarchies with
clearly specified skill prerequisites: You will need to know the pre-
requisite material before you can proceed through a topic. These
prerequisites include all but the most basic skills that you will need
to succéed. There are no hidden assumptions; no special knowledge is
required to master a given topic other than what is clearly spelled out
in the prerequisite inventories that precede each of the four major
sections or modules composing the course. Facilities have been pro-
vided and time will be set aside to help you master these prerequisites
should they be unfamiliar to you.

Mastery learning also means that you will not be graded on a curve
or normed. Thére 15 nothing in this course that is too-difficuit for
any of you to master. If you all master the materiai,; you will all

pass high. If problems arise because of a lack of comprehension or

a skill béfore pushing ahead to new material:

The other new aspect of this course rests in the selection of
topics to be covered. QMPM is not a course in statistics. While some
topics will be covered that are discussed in traditional statistics
courses, they are approached from a pragmatic rather than a theore-
tical point of view. The theory discussed will be just sufficient to
insure comprehension of particular skills and awareness of their Iimi-
tations. The emphasis will bé on doing anainis rather than studying

analysis. .
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Although QMPM is fiot a statistics course in the traditional semse,
it is a course in the analysis of quantitative data. In addition to
some traditional methods of statistical analysis, a variety of new tools
and analytic methods which were pioneered in the late 1960's by John
W. Tukey, a statistician at Princeton University and Bell Laboratories,
will be covered. The new methods which Tukey and others have been

' developing emphasize the exploratory nature of data analysis, the

can be answered by them and what kinds of operationms must precede the

application of confirmatory or inferential procedures.

especially useful to public managers. First, it relies heavily on the

about the data and the process of the analysis. The graphics used in

éﬁ@ﬁ are réiétivéiy simpié and easiiy learned. Indeed, once the

graphical methods are introduced you will discover that they have a
kind of "face validity"--what they mean is obvious from the way they

to you in your professional career. The graphics that you will learn
to use can be presented to non-technical audiences and will probably
be understood with only minimal explanation. Consequently, rather
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presentations to individuals who have a wide variety of backgrounds--a
situation you will undoubtediy encounter often in your professional
careers.

The second feature of EDA which will enhance its utility to you
1§ the use of reésistant or robust procedures. These are procedures
missing or incorrectly recorded data values or incompletely specified
models. Most traditional confirmatory statistical procedures are not
resistant in that they are easily influenced by a few widely divergent
data values, nor are théy robust if that the misspecification of a
model can yield invalid results. But public managers often must rely
on data of less than highest quality, data collected for other purposes,
and models that neglect some variables. EDA procedures are particularly
helpful in such situations. The resistant and robust qualities of the
procedures covered in QMPM are so important that without them in many
situations an invéStigator would not bé able to conduct a tﬁorough
study.

Many of the techniqués you will learn in this course, both explor-
atory and confirmatory, are among the newest in the field of data
analysis. Learning such up-to-date skills will put you on the ''cutting
edge" of the field. The newness of these techniques, however, does
present some difficulties as far as communicating with others whose
EEéining in quantitative methods occurred some years ago. You will
be learning procedures which have only recently been made available
to the general public. Most texts you will use were published as QMPM
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was developed: Not many technical data analysis or public management
practitioners are familiar with them: Thus, you should expect to find
yourself frequently explaining what you have dome; even to individuals
vhom you might normally believe were familiar with data analytic pro-
cedures. :

Even though many of the techniques we will cover are relatively
straightforward, some are complex: Moreover, even simple procedures
performed on large data sets can be extremely time consuming when

done by hand. Consequently, a computer system (CMU~DAP for Carnegie-
Mellon University-Data Analysis Package) exists to facilitate doing

analysis. (This is an optional part of the QMPM package.) The system

permits data entry, manipulation; and analysis in a simplified Format.

Doing data analysis on a time-shared computer will facilitate your

invest an inordinate amount of time on arithmetic operations: By
having the "grundge" work of data analysis performed by computer you
analysis and on exploring alternative approaches. If it is available
in your course; you will be introduced to CMU-DAP during the second
week of QMPM in a special three hour segsion, and will be expected to
use it for both homework and paper assignments.

The library of real data that has been prepared for your use

has already been mentioned. Typically, the data analyzed in traditional

XVI.I.5
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istic--not the type which you would actually confront in the "real
world". Conseéquently, students, when they leave school and engage in

data analysis in the field, often find that their training has not

from practitioners, faculty, studénés; and ﬁdﬁiiéﬁéd sources. This
collection has been organized into a computer based DataBank that can
be accessed with CMU-DAP. In addition to éﬂéégihg data from the
DataBank for analysis thrbughoﬁt the course, Y6u will also be expected
to gather real data and analyze it.

In summary, QMPM may very well be the most important course that
you take in graduate school. You are to ﬁéffiéiﬁééé in a revolution-.
attempt to make data analysis relevant and useful to puﬁiic manage-

ment.

54
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Introduction to Module I

Overview

Module I of the Quantitative Methods for Pubiic Management pack-

ﬂﬁfé, introduces the student to the notion of a data batch, a fit,
and an effect: It focuses on the 6Egéniiéti6n; condensation, and
analysis of simple situations, single batches. The general objective

is to fam:liarize students with data and elementary models and to pro-
vide students with a set of basic tools for summarizing; displaying,
and working with data: Single batches; essentially a single set of
observations on one variable, are considered in depth: The tools
introduced include classical procedures such as histograms, sorts,
Eééﬁé, and standard deviations. Buot the emphasis is on tools of
é§§1655t65§ data analysis such as stem-and-leaf displays, order sta-
tistics and transformation procedures: The aéfiaiEiaa and features of
section discusses the features of good graphics and charts.

In unit 2; Multiple Batches of Data-Unordered; the student is

introduced to the more complicated situation in which more than one

distinct set of observations exist. The teols introduced in unit 1
Efé used in unit 2 to facilitate comparison of effects among batches.
Since differences in spread among the batches can confound thedeter-
mination of differences in level, a procedure for finding a transfor-
mation that equalizes spread is introduced. This procedure prepares
students for variance stabilizing transformations; introduced in a
later unit in the context of multiple regression.

035
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épécific Objectives

Unit 1
Upon successful completion of Unit 1 a student will be able to
organize a batch of data using simple sorts, stem-and-teaf dispiays,
and histograms. The student will be able to describe the batch of
values uéihg various COmbﬁtéd summary numbers and to aiébiéﬁ the sum-
mary by constructing a schematic plot. In addition; the student wiil
be ablé to determine if a symnetrizing transformation would facilitate
contrasting the batch with a well behaved batch and will know how to deter

statistics in their description. The student will also have a critical
appreciation for effective graphic and tabular displays and be able
to construct unclutteréd, informative charts containing quantitative

facts.

Unit 2

Upon successful completion of Unit 2 a student will be able to
recognize a set of non-ordered multiple batchés and use parallel
stem-and=leaf displays and parallel schematic plots to compare the
batches to one another. To improve the effectiveness of comparison
when spreads in the individual batches vary greatly, the student will
know how to usé median by midspread plots to find a Spread stabilizing
transformation. The student would then proceed to perform an analysis
onlthé transformed data.

56
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Prerequisite Inventory
Units 1 and 2

Units 1 and 2 of Module I focus on the analysis of single and
multiple batches of data. Prior to the presentation of the material
in these two units, we shall discuss several elementary concepts.
The mastery of these concepts is an essential prerequisite to mastery
of the skills taught in Units 1 and 2. Before proceeding to Unit 1,
you should assure yourself that you are familiar with these basic
concepts. |

The inventory is divided into the following five sections:

1. ﬁumbers——?rbperties and Representation

2. Data Vectors-—-Observations, Subscripts, Indexing, Summations

3. Data Sets--Variables and Various Transformations

,Ee,,,ﬁ,ri,:
5; I a:'pfi;:,;; . fé,ééi

4

Additional references to these topics appear at the end of this
inventory. Specific topics in these five areas wiill be reviewed in
class only if the average ﬁéfféiﬁéﬁéé of the class indicates that

such discussion is necessary. If areas that you are weak in are not
covered in class. you should consult a member of the course's teaching

staff to determine how best to achieve mastery.

Section 1. Numbers--Properties and Representation

Throughout this course numbers are used. Consequently, the more
important properties of the number system need to be reviewed. These
properties are diScusséd in chapter 1 of Rosenbach, et.al. (see the end
of this inventory for full reference). -

o7

XVI.1.9




Q4P

to the set; or collection, R of real numbers. Real numbers are those
which can be represented by terminating or monterminating decimals:
fncluded in R are those numbers without decimal places; the integers.
An integer may be positive, 1,2,3,..., negative, -1,-2,-3,..., or
zero, 0.

When writing down single numbers, you should take the time to
record all the digits (including all the decimal places) in the number

to convey as much information as the number allows. The digits of
accuracy required in writing a number are called the significant

digits or significant figures of the number. In general, the num-

ber of significant digits of a number equals the number of digits of
accuracy that the measuring instrument allows. If inches are recorded
with a ruler marked with tenths of inches, then the first decimal place
of the recorded numbers will always be a significant digit. For ex-
ample, 10.0 inches has 3, and not 1, significant digits. The population
of New Engiand in 1790 is another example. In this year it was

1,009,408 persons:. This number has 7 significant figures. If one

chooses not : record all the aigits of a number, the quantity of
significant figures is reduced. If the 1790 population of New England

has been approximated by 1,009,000, a number with only 4 sighifiéant
digits, 3 significant digits would have been lost. It is important to
knowledge is essential in determining the total number of significant
digits of the recorded numbers:

XVI.I.10
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Occasionally, numbers are expressed in a manner which draws
attention to the significant figures of the number. This can be done
By writing the number as a prodﬁct of an integer power of 10, and a
number between 1 and 10, that is, a number with one digit to the
left of the decimal point. This method of recording numbers is cailed

scientific notation. As .an example, the 1970 population of the United

States, 203,211,926 persons, can be written as 2.03211926 x 100,000,000
(a hundred million) or 2.03211926 x léé 9 significant digits). We
‘may wish to approximaté this number emphasizing only the number of
millions as 203,000,000 or 2.03 x 10° (3 significant digics). Table

1 shows various powers of 10, both positive and negative, that you |

should be acquainted with.
[Table 1 here. ]

Once a number is recorded in scientific notation, the number of
significant figurés of the number equals one more than the number of
decimal places, and the correct power, or exponent, of 10 determines
the magnitude of the number. Hence, the 1970 population of the United
States has a magnitude of 8.

Occasionally one may wish to record a number with fewer than its
usableé number of significant figures. This technique is called

rounding. 1I% saves timeé and increases comprehension when more than a

féw numbéers are to be examined. The 1790 New England population may be
rounded to 1,009,000 persons (4 significant figures) or even 1;000,000

persons éoniy 1 SignifiCant figuré). Digits are always rounded to the

wi.ioiio 99
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TABLE 1

Powers of 16

Power Number
-6 107® = one milltonth
=5 10"> = one hundred thousandth
4 10"% = one ten thousandth
-3 10°3 = one thousandth
-2 102 = one hundredth
ST 10"} = one tenth
0 10° = one
1 16! = ten
2 102 = one hundred
3 106> = one thousand
4 ' 10* = ten thousand
5 " 16° = one hundred thousand
6 16® = one millien
9 10° = one billion
12 ‘ ) 1012 = one trillion

60
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19.1 -+ 19
17.7 > 18
16.5 » 17.

16.5 -+ 16
17.5 - 18
We recommend the formér convention.

Occasionally it is cbﬁVéhiént to reduce the number of significant
figures by just dropping off the unnecessary digits. This is called
cutting and is Quickér and easiér than rounaing. In QMPM cutting is
used in certain instances, although when accuracy is desired rounding
is generally preferred. When the decimal portioﬁ of a number is dropped
and only its integer component is recorded; the operation is called

truhcating; ﬁbunaihg, cuttihg and truncéting are discussed in chapter

Section 2. Data Vectors--Observations, Subscripts, Indexing, Summation

A batch of numbers is a set of similar numbers; obtained in some
consistent fashion:. Simple examples of a batch are: 1) Average
family incomes for each of Pittsburgh's 186 census tracts; 2) Popu-
lation of New York State for each year between 1900 and, 1970, inclusive;

3) Distance traveled from home to school by each student in this class.
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The expression data vector is used as a synonym for batch. A specific
datum, or batch value, is an observation of an element of the data
vector. Hence, the batch of family incomes for Pittsburgh census
tracts has 186 total observations:

It is convenient to have a mathematical representation for a
batch of numbers and the observations in the batch: In QMPM a capital
letter; such as X, is used to denote an entire batch of numbers. Each
individual observation is identified by attaching a nhmﬁef; written
below and on the right of this letter: For example; the first obser-
vation in the batch X is denoted X;, the second observation is X5 etc.

The ith element is denoted X,. Small numbers attached to X that iden-
tify different individual observations are called subscripts. Thus; a
batch of 10 numbers, denoted X, can be written Xi,Xi;ii;iz;ﬂg;ié;ii,is,ig,
and X;,. The subscripts are the integers running sequentially from 1

to 10. A more abbreviated representation of this batch is X541 =
1,2,3,4,5,6,7,8,9,10, or simply X,,i = 1,2,:::,10. In this last form, i
is called the index, which in this example rums from 1 to 10. The
sequence of periods is an abbreviation of the phrase 'and so forth'.

vations in the batch.

Another special notation is used to denote the sum of a batch of

I - . oo
numbers. The notation igk xg indicates that the sum XR+XR+1+XR;2+...+
xn_i¥xﬁ is to be formed; i=k indicates that the summation is to begin

with the kth element of the data vector; and n indicates that the
summation is to end with the nth element: The symbol I, the Greek

62
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be performed. The letter i is the index and the summation ranges over

the values k to n. Listed below are some rules for summations:

- n
1) i§k xi=xk+xk+1+ e +Xﬁ_i+xF’!
»y B 2 2. 2 2 L2
2) i;k Xp =X b gt b X +x
B o :
3) i Z a=(m-k+1) a
4 5 5

) 1§k ax; =a Lox

For example; Table 2 is a batch of numbers corresponding to United
States spacecraft launchings per year for the years 1957 to 1964.
[Table 2 here. ]
Let X denote this batch:. Thus; X, corresponds to 1, X, to 17,...,

and X; to 8l. Summing the numbers in X,

8
d ik iR iR VR FRIL IR TR
151 Xy =X X A XX X+ X+ X+ X

=1 F17+21 +31F49F 71 % 71 + 81 = 342

Thus, a total of 342 spacecrafts was launched by the U.S. between the

o o __ i __=:oC n .2 _ .
1957 and 1964). As an exercise, you should verify that iéi xf = 20736

years 1957 and 1964, inclusive (i:e:, including the two 'end' years;

problems.

63
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TABLE 2

U.S. Spacecraft Launchings

Year . Number of Launchings
1957 i
1958 ' 7
1959 - 21
1960 31
1961 49
1962 71
1963 71
1564 81
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Section 3. Data Sets--Variables and Various Transformations
A single batch, or a collection of related batches that are to be

analyzed together; is called a data set. Data analysis is concerned

with exploring and understanding data sets. The field of statistics
encompasses both data analysis and the study of variables--especially
random variables or variables with associated probabilities. A variable
is a quantity that may assume any one of a set of values. Population
incomes for professors in a major university are examples of variables.
A more ;féfEAI; definition of a batch of data is a set of realizations
of a particular variable.

A variable may be classified into one of two types depending on
the values it may assume: A discrete variable may take one of a finite
or countably infinite set of values: The number of students in this

class .:th yearly incomes in excess of $15,000 is a variable which may
assume #ny member of the finite set {0;1;2;:..;n}; where n is equal to
she total enrollment of this class. This variable is discrete. All

~r~unts of objects or events are discrete. A continuous variable may

tike = value from & set of “nfinite size. Length of a particular
*  unrface; laily outdoor temperatures; and the percentage of female
w78 .8 in tie U;8. are exan.i-c of continuous variables. While a

a7 ¥:iizble may be boun¢<4 in its values, as in the case of
tti vei s '~ percentage of female students in the U.S.; which cannot

be ..sz thz: 7zer: percent or greater than one hundred percent; there

are an infinite nuaber of values within these bounds. For practical

surposer, if a wvariatle 2s on only integer values, it is discreta;

I3
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otherwise, it is continuous. Section 4.1 of Blalock (1972) discusses
discrete and continuous data.

Occasionally you will want to reexpreéss or transform a batch of

nunbers in the process of performing an analysis. The most common
transformations involve raising numbers to various powers, a process
called éxponen:iétion, or taking iogarithms of numbers. Below are

some general rules for exponentiation:

oM™ ™M
2. éy“?sfﬁ

3, ¥ = %ﬁ

L, yTii z ﬁJ;"

5. yo = 1

6. Yi =y

7. ¥t = yy

A logarithm is an important but easily misunderstood concept. It
is closely related to exponentiation. Any number may be represented
in scientific notion as p-iOk. where p is a number between 1 and 10, and
k is an integer power of 10. It is also ﬁ&ééiﬁié to represent any posi-
tive number, N, as idy; where y is any real number. When a number is

represented in this fashion, y is called the logarithm of base 10 of

the number N. Any positive number may be used in a base of a logarithm.

defined as that power to which b must be raised to obtain N. In mathe-

matics, given any N>0 and b>0, if bY=N, then log N=y. 'Log' is an
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abbreviation of logarithm (which, in Greek, means "reckoning number").
For example, 5-10°99897; ﬁéﬁcéigibgiasi.ééééi. Also, 25=101°3979% .ng

100=1 2; hence iogieésii.3§§§4; afd iogioiod=2. Some general rules for

logarithms are given below:

1) Logs "come" in various bases; however, all logs to different bases
differ only by a4 multiplicative constant. Specifically, if a and
b are any 2 basés, then iogéﬁéiogsﬁ iogéb (log,b is the multiplica-
tive constant for this particular conversion). Because of this
mathematical fact, any base is essentially as good as any other.
ﬁbwéVér; for v5ri00é reasons of convéniéncé some bases are pre-
ferred in certain contexts.

2) In éﬁiﬂ logarithms to the basé 10 are used exclusively. These are
written i°316* of merely log. iﬁig choice is prompted by the
decimal number system. Base 10 logs are called éséébﬁwiégS;

3) The second most useful base iéfgﬁé;irratioﬁai number approximated
by 2.71828... which is simply denoted by the letter 'e' in honor
of the mathematician Euler. ’E%% ﬁqpber e plays an important role
in calculus, as well as in bt;ér ireas of mathematics. It occurs
frequently in économics. Logs to the base e are written ioge or
1n (for Napiérian or Natural logs.)

4) 1log(1)=0 |

5) 1og(0) is undefined, that is log(0) = - =.

6) Log of a product is thé gum of the logs;

log (PQR) = logP + logQ + log R
7) Log of a quotient is the difference of the iogs:
iog (P/Q) = iog P - iog Q.
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8) Log of a number to a power is found by multiplying the log of the
number by the power:
log (¢") = nlog P
9) Log of a root of a number is found by dividing thé log by the root:

) -
o log P.

log ("V?) =
All of these rules for the use of logs derive from the basic
definition of a logarithm and the rules of exponentiation. Logs and

exponentiation are discussed in Chapter 3 of Paul and Haeussler (1973).

Séction 4. Pércéntages
quantitative methods course. Many data sets contain variables that
are originally recorded as percentages, and often analyses are requested
in terms of percentage charige. A percentage is a portion of a number
expressed in hundredths. The following mathematical statément is
commoni: A is B percent of the number C. Since percents are expressed
may be written A = (B/100) (C).

There are thréé common situations éncountéred when uéing percentages:
1) A is unknown, B and C are known.

2) B is unknown; A and C are known

3) € is unknown, A and B are known.
Each of these situations is discussed in turn below.

The first problem is generally stated "R ﬁeréeﬁt of C equals what
number?" The answer is found by multiplying (B/100)xC. For example,
35 percent of iéd eQuai; (35/16b)xié0 = .35x120 = 42.
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The second problem is stated "A is what percent of C?" The answer
is found by dividing A& By C and mﬁlti§1y1n§ the result by 100%; i.e.,
if B 1is the correct answer, B = (A/C)x100%. For example, to determine
what percent 36 is of 144, calculate B = (36/144)x100% = (.25)x100% = 25%.

The last problem occurs when the whole or base number C is unknown.
It is usually stated "A is B percent of what number?" The answer is
found by dividing & by (B/100); € = A/(B/100). If A is 90 and B is 40%,

225, that is, 90 is 40% of 225.

then € = 90/(40/100) = 90/.14
Gﬁéﬁféf 3 of Bialock (1972) is a good reference for percentages,

as is chapters 1-3 of Zeisel (1968).

Section 5. Plots and Graph Pzper

In Unit 2 plots, or graphs, of pairs of observations are made. So
that graphs can be read easily some conventions have been established.
The horizontal axis is called the x-axis and the vertical axis is called
the y-axis. The x-axis is placed at the bottom of thé page; and the
y-axis at thz leit side of the page. A point on the graph is represen-
ted as (x,vj. Figure * illustrates these préliminary stéps for a plot

np a raige of ordisary zcaph paper.

The graph varar in Figure 1 has linear scalés in ooth the x and ¥
directions: 7Tnis is the type of graph paper that is used most in this
coursz: Some rules for improving thz appearance of a piot are given
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1) Make plots "tall and thin" (y-axis longer than x-axis) or "ghort and
wide" (y;axié ghortér than x-axis)--whichever more effectivéiy con-
veys your message.

tall and thin

short and wide

2) Use graph paper with light rulings for the units, heavy rulings

every ten units, and intermediate rulings every five units in
between. The paper in Figure 1 has these intermediate lines,
which make a large difference in speed and accuracy (when plotting).
3) Be clever in assigning numerical values to the basic unit=-units
other than i;éi or 5 times a power of 10 are too awkward and
tedious.
4) 1In the finished version of the plot; do not clutter the plot by

having too many values marked on the axes.

There are also types of graph paper with non-linear scales. Such
paper can save a lot of timé wher plotting logarithms of the observa-
tions. One example is semi-log paper, as seen in Figure 2, with a
logarithmic scale for the y-axis. Note that on the log scale the
physical distance from 10 to 100 equals the distance from 100 to 1000.

This distortion or shrinkaée is because iog(ib) is one unit away from
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1og(100), 1i.e: 10g¢10)+1=10g¢100) ; and 10g(100) 1§ one unit away from
10g(1000) . Another example of graph paper with non-linear scales is
log-log paper which is tllustrated in ?iéﬁfe 3. Here, both axes have
use when tramsforming batches by taking logarithms of the observations
because you can go directly from an observed value to its logarithm
by simply finding the value on the graph paper's logarithmic scale. This
aﬁéféfiéﬁ makes it ﬁﬁﬁéée§55r§ to first calculate thé logarithm using
tables, a calculator, or a computer.
Plots are Véfy important in this course. You should reacquaint
yourself with the basics of plotting:
1) labelling the axes
2) iaéifiﬁé ﬁéiﬁés in the x-y plane using the abscissa, x-coordinate,
and the éiﬂiﬁéfe, y-coordinate, of each poiqt.
Paui and Haeussier (1973) discusses graphing in Chapter 3, Section I,

and, in general, can serve as a useful reference volume.

73
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___ _Homework

Prerequisite Inventory, Units 1 and 2

1. logyg 7.8 + logyg 2.0 - logyg .5 =

2. 1logjg (9.1 + .9) =

5; logy 1=

4. (5:6 * logyg 100) * (.2 * logyy 1000) =

Write the soiutions to probiéms 5-8 in scientific notation.

2

5. 3,524 ° 10 + .6456 : 103 =
6. (1:2 ° 107%) = (.6 - 1075 =

7. 47569.532
a. to five significant digits =
b. to three significant digits =
8. (54 . é iog3 2? + 52.§ . iogé i) . iogié idé'é
9. logg 56 .
Togg 56

10. logy 5 * logs 49 =

.\I:
>y

11. 5/6 of 23 2/3 is

12. 12 is what percent of 3007

XV1.1.28
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12. Change the fraction 7/8 to a pércent.

14. éﬁtnge .1% to a decimal.

15. 38 is 20% of what number?

16. If a ﬁiﬁ E§§,$i56ﬁ,iﬁ the bank and the annual interest rate is 5%,

how much will he have in the bunk after one year?
17. 18 the square root of 25 a rational or an irrational number?
18: 1s 3 125 an integer?
19. 1s (-3)3 a positive real number?
20. Can an irrational number ever be an integer?
21. Which of these s 7 + 7 * 7 + 77
47_ 74 43 142
22. (59 (s8!) = | -
23. 113 1’ =

152 =

T

2. 153

25. 1.

26. (=3) = (=7) =

27. (=3) - (#3) + (#3) =

arerY ¥ A~
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28. (-3)7 equals which one of the following?
37 -21 -37 -3 377

29. Round the following values to iﬁéégéfé.

a. 1093.91
b. 0:8

c. V2
d. 33.33
e. 0.2
£f. -0.956
g. =-.001
h. -1.77

30. The computer has generated calculations on your data that are

significant to only 3 digits. Cut the following values to 3
significant digits.
a. 1.0992 - 1o§3
b, 7.7109 * 107
c. 8.0084 - 102
31. 1If you have negative ;&iﬁéE in a data batch can you make a

logarithmic “ransformation on the raw data?

32. 1If you have fractional ?é}uéé in a data batch can you make a square

root transformation on the raw data?

33. If s >band b> c, then which of the following statements is true?
34. Arrange the following fractions in increasing order: -2/5, -1/2, 1/5.
< 78
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duestions 35-39 pertain to the fbiibwing data vector:

>4
[
]
-
o
&

P b e (b (b (et (o (b b b b e b b o o fd b (fod (b (b pb ek
(Y - .“Q# (Y . '\. (Y . (Y . (Y . (Y .
D w

Ll
X}
S

]

This data vector, i contains che numbex of inspections 1n units of a

gnd Health Administrg;ion offices° Tet i denote the office nnd Xl, )
X3 . ._. Xy, denote the number of in,pect;ons in hundreds conducted by

each office.
37. The actual number of inspections conducted by office Xg is

36. Office X, is in Boston; office X, is in Seattle. How many more
‘inspections did Boston conduct that Seattle?

37. 6ffi¢é§ ii, ié; o . X6 are in the northeast,
Offices X3, Xg, . . . ; Xiz are in the southeast:
Offices X13, X14; - . . , X;g are in the southwest.
Offices X3ig, ¥2¢0, - - - ; X24 are in the northwest.
What notation would yov urs to indicate the sum of all the
inspections in the southw:at?

YUt a4 7a




QMPM

38. What is the total number of inspections that took place in the

scutheast?

39. Are these data values discrete or continuous?

19
40. I 3=
1=10
2%
41, T4 Xy =
£=5

42, xiil,.’,,s..’;;;,ll

For problems 43-46 state whether tne variable descrihed is discrete or
continuous, '

43. The proportion of blacks in each census tract in ?itﬁsbufgh.
4&4. The number of persons living in Pittsburgh that ‘are black.
45. The number of traffic fatalities in the U.S. in 1975.

46. The percentage of vehicle defect caused traffic fatalities in the
u.S.

XVi.1.32




Questions 47-50 refer to the following graph.

48,

49,

50.

A
1
120 + e (C .
&
115 4+ *p
110 4 o :
— B
P
105 + A
100 b e
10 20 30 . POy 50

List the coordinates for points A-E.

Order points A-E by increasing values of the abscissa.

What 15 the horizontal distance between points A and E?

What is

the vertical distance between points C and E?

Module I
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_ . Homework Solutions i
Prerequisite Inventory Units 1 and 2

1 iogié 31.2 23. 118

2. 1 24. 153

3. 0 25. 27

4., 6.72 26. 4

5. 1.000 - 103 37. -3

6. 2.0 + 10° 28. -3’

7. a. 4.7569 + 10* 29. a. 1094

b. 4.75 « 10° | b 1

. 4.08 + 10° i1

9. ibgg 6 4 33

10. iog7 49 or - e; 0
11. 19 13/18 or 355/18 £, -1
12. 4% g: 0
13. 87.5% h. -2
14. .001 0. a. 1.09 - 10°
15. 180 b. 7.71 ¢+ 1073
16. $1575 c. 8.00 - 10°
17. rational 31. no
18. yes 32. yes
19. no 33. as ¢
20. no 3. =172, =2/5, 1/5
21. 7% 35. 195
22. 8 36. 7
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37.
38.
39.
40.
41.
42.
43.
44,
45,
46.

47.

48,
49,

50.

i=13 ¥4
1110
discrete

30

. 24

4t x
1=5 1

83
Continuous
Discrete
Discrete
Continuous
A (25,105)
B (40.110)
C (20,120)
D (30,115)
E (50,120)
CADBE
25 units

0

Module I
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~ Units 1 and 2
Reading Assigmments

iéédingé should be compiétéd before the indicated lecture.

Lectire Reading
1-0 "Introducrion to QMPM"

Tufte, Chapter 1
Tukey & Wilk

Workshop Prerequisite Inventory

Tukey, pp. 1-7

Tukey, pp. 7-26

McNeil, pp. 1-6 ) o
Wallis & Roberts, pp. 177-182

[y
I
[y

1-2 Tukey, Chapter 2
McNeil, pp. 6-9, 16-17

Workshop "Some Principles for Graphics of Tables and Char:s"
Huff, pp. 60-142

1=3 Tukey, Chapter 3
McNeil, pp. 9-16

1=4 Huff, pp. 7-36 o
' Wallis & Roberts, pp. 182-193

Tanur, pp. 229-236

2=1 Tukey, pp. 97-101
McNeil, pp. 27-31 L
Profiles in School Su:port, pp. 15-69

2-2 Tukey, pp. 102-115

NcNeil, pp. 32-39 .

Fairley & Mosteller, pp. 87-109

Texts:

Fairley, William B. and Frederick Mosteller, Statistics and Public
Policy, Reading, Mass: Addison-Wesley Publishing Co.; 1977.
Huff, Darrell, How to Lie with Statistics; New York: W.W: Norton

& Co., 195%.

McNeil, Donald R., Interactive Data Analysis, New York: .John Wiley
& Sons,; 14977.
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"profiles in School Support;" prepared for the National Center for
Education Statistics by Eugene P. McLoone, Washington, D.C.: U.S.
Government Printing Office, 1974.

Tanur; Judith, et al. Staristics: A Guide to the Unknown; San

Francisco: Holden-lay, Inc., 1972.

Tufte; Edward R:; Data snaiysis for Politics and Policy, Englewood
CliFf:, N.J.: Prentice-Hall,; 1974.

Tukey, John W., Exploratory Data Analysis, Reading, Mass.: Addison-
Wesley, 1977.

Tukey, John W: and M. B. Wilk, Data Analysis and Statistics: An

Expository Overview; AFIPS Conference Proceedings, volume 29,
1966; pp. 695-709.

Wallis, W. A. & H. V. Roberts, Statistics: A New Approizh, Gléncoe,
ILL.: Free Press, 1956.
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Lecture 1-C. Introduction to QMPM and Unit 1

General Iﬁtféé§§§%§ﬁﬁfé Quantitative Methods for Public Mhhageméﬁé and
Specific Introduction to Unit 1, Analysis of Single Batches of Data

Lecture Content:

1. Discuss purpose and organization of course, and the nature

of data analysis
2. Intrcduction to the cbjectives, problem, :.d notation of
Unit 1
Main Topics:
1. Introduction to QMPM--Detailéd sStructure

2. Introduction to U.it i




Topic 1.

IT.

Module 1

Introduction to QMPM--Detailed structure

Nature of Data Analysis: Numerical detective work
What does a data analyst do?

1. Take apart data to find structure: Da.c = Signal
(Fit) + Noise (Residual)

2. ?amijia:igy with various forms of data sets and ways
of "handling" them
3. Analytical methods to take data apart

4. Exploration preceding confirmation--Detective work
(Investigative vs. Judicial evaluative process)

5. 1Iterative and Interactive process--uses data as guide to
procedure

Structure of QMPM
1. Rationale: Analysis for decision makingz
Problems facing data analysts
a. Public managers need to make effective decisions

b. Must be able to process data, present results to
fionquantitative audiences

c. Relevant data usually quantitativ. ¢ "messy" or
"dirty" (measurement error, NA - -ues

d. Analyses are usually unplanned, pu.i hoc, second hand
e. Implication--need operational analytic skills that
can handle data problems and change data into

information

2. Objective: Provide these necessary skills
Students learn to:

a. Gather and prepare data

b. Analyze data to uncover structure and evaluate the
analysis

c. Present data and interpret analytic results for
improved communication
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3. ?éilbédﬁﬁyi Preparation for practice
QMPM's emphasis:

a. Qﬁéﬁ@%gég%ﬁé——ﬁuﬁéfié data, relating to quantities

61‘.‘ measures
b: Real data-—-empirical, based on real-life observation

or experiment
c. Policy relevant data--data used in making decisions
d: Graphics--visual displays or pictures

e. Resistent and robust tééhniqué§;ZUnaffécted by

deviant values or erroneous assumptions

f. Data analytic--not just statistical; models for data
g. Computer orientation--exploits special user-oriented

computing system

III. €. - . !-ialization and organization of course: Elaborate
struclitce, requires cooperatior between students and in-
structicnal staff
1. ZInstructors—-Ident:fy, offices, office he °rs
2. Module/tinit design
3. Introductory lectures—-precede substantive learning

units

4, ?féfééﬁi%iééﬁihventbries;;éStéBiish base upon which new
skills are built

5. References and texts—-describe

6. C6ﬁﬁﬁféf system--location; staff--if used

7. Video tapes--location, staff==if used

8. DataBank--documentation, staff-=if used

9. Calculators--promote purchase

10. Homework--frequency, schedule

11. wWorkshops--1 per week, flexible role in course

12. Calendar §8
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Topic 2. Introduction to Unit 1, Analysis of Single Batchés of Data

I. Introducticn to the objectives of Unit 1

1. Questions to be answered in Unit 1

a. What is a batch of numbe¢s° )
A set of similar values obtained in some consistent (1

fashion (from Prerequisite Inventory, Module I)

b. What analyses can be done on a singlée batch?
What can we say about a batch?

2. Skills to be mastered in Unit 1 (2

a. Péf&éiﬁiﬁé and iééééﬁiiiﬁé a batch

b. Organlz1ng a ba*ch to facilitate presentation,

comprehension,; and analysis
€. Condensing a batch to facilitate summarization

d. Transformations to pro"ote symmetry

€. Decfinition and recugni:ion of weil-behaved batches

II. Introduction to the problems of Unit i

1. What is a batch? Look at an example:

a. Similar numbers--counts of persons in census tract
scale . S -
Example: 1970 populations of the 186 census tracts
in Pittsburgh
b. Consistent feature--data collected in 1970 census (3)

enumeration of city of Pittsburgh

(Note trailing zeros and tract seqnénce arrangenent

discuss notion of 'census tract" and source of
census data} . S 7
Example: 1970 populations, in thousands of persons (%)
(comment on units)
Jhat can we say about a batch? What are its features? (5)
How can we summarize it?
a. Minimum value--how small is the smallest value of
the batch?

§9
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b. Maximum value--how large is the largest value of the
batch?

batch?
d. Variability--how spread out is the batch?
e. Uniformity--how clustered is the batch?

f. Shape--how symmetric is the batch?

[V

Example: sopulation data again (6)

5. Minimum value--334 persons, tract 185

b: Maximum value--7910 persons, tract 95

c. Cannot answer remaining questions

4 example: Number of blacks in each of the census (7)
.f Pittsburgh in 1970

Minimum value--0 Blacks, tracts 105, 129, 146, 171,

176, 177, 185

c. Cannot answer remaining questions, but note large
numbe~ of small values
5. Conclusior
a: Need mecthods to organize data
b: Need tools to summarize iﬁﬁB‘EiﬁE features
c: Methods should be easily performed
d. Summaries should be féaaiiy comprehended
ITI. Introduction to Notation of Unit 1

(See Prerequisite Inventory, Module I, for reference text)

1. Conventions (8)
a. capital letter ("X") demotes entire single batch of
values
b. 1Individual values identified by single subscripts

(:\

J()
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2. Example: Pittsburgh poj ilation

a. Let X = Population or Pittsburgh census tracts in 1970
b. Let il = Population of tract 1 = 972 persons
Let kZ = Popuiation of tract 2

[]

4082 persor s

Let Xigs = Population of tract 185 = 334 persons
(Note arbitrariness of assignment of tract numbers)

¢. 1In general, there are n tracts (in this case, n = 185)

d. hus X (: . = 3 1
Thus Xn k185 334 persons
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7 Lecture 1-0
Transparency Presentation Guide

Lecture .
OCutline Transparency o B o
Location Ninber* Transparency- Description-
_Topic 2
Section I
l.a 1 " Definition of Batch of Data
2 2 Topics for Unit 1

Section I1

1:b 3 1970 Populations of Pittsburgh
Census Tracts

1:b 4 1970 Populztions, in Thousands

- of Persons

2 5 Guestions to be Answered for
Single Batches

3 6 1970 Populations, Maximum &
Minimum Indicated

& 7 ' 1970 Black Populations of
Pittsburgh Census Tracts,
Maximum & Minimum Indicated

Sec: ‘on III
1-2 8 Conventibﬁs & Example of
Notation
S I Z - . . . .- , -
Refers to numbers in parentheses ca righchand side cf 2 .ctuve

outline.

ki LA . e ; e Lo lwn ‘e a came
"Bracketed trsziisparencies are oo ol U L cher o 2 game page.
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£l
BATCH

A baich of data is a set of similac obsecvabions

BBJ-A.IngA l.n some C.OAS(S'l'c,n-l; fé\iquéh;

T Unit 1 we will learn how 4o aaaiyi-i S:ns(c
B&DL«LS Oé‘dla't'q — Lo.-l-v:_(wc.s wd"‘« 0417 one
Pa.t"‘ ¢ Ct&( oL Cé,kl‘vd'e-

rm
N/
L

Topies Coe Unik 1

Pc.f‘c.r_\snnz a:v\al RC-C-S"'?"’\S a EO:"C—L\
Ocranie: ’\3 a 80.“'6.1'\, us(r:S Aﬁa;‘.\rttc Tools

(.

2.

3 Cor\albf\s:f\é a Bac(-c.(« foc DQ_.SCr.@;":on
4  Nemerieal and Gmp‘mmk Summarcies
s B&.m.m,n Ternsbermations o a Takch
. beﬁzn:ns o Well- Behaved Batels
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972,
1062,
2885.
4187.
1867
2471,
_785.
5747,
2155.
1253.

2744,

5269.
5119,
152..
1985,
3156.
4719.

996.
2297.
2678.
3338.
1792:
jles,
1289.
3812.
€242,
3297.

1970 Populations of Prlsburgh Census Trachs

4082.
2919.
2673.
185¢@.
1359,

728.
2776.
2135,
4247,
2316.
3228.
2979.
5435,
4615.
5203.
3578.
3589.
2607.

335.
1227.
2719.
2932.;
2487.
3853.
2612.
5818.
3413.

-735.
3689.
3294.
1645,
1405;
1619,
3415.
3469,
33178.
2602;
1645.
4520.
1577.
43192,
33152,
2819,
37€5.
683,
1558.
©588.
2254,
1963.
456).
1399.

1986.

1289

1938
2437.
KILE
2447,
2386,
1418.
3153,
4095
1971.
848,
53ee.
6803,
2084 .

4758

1884.
1418,
7425.

2658,

1343

442.

2569.
BITH
3689.
2144.
3425,

2829

(3]
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[4]

1950 Populatins of Piblsburgh comsas Tracts
Date in Theusands of Parsons
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4.082
2.919
2.973
1.85
1.359
$.728
2.776
2.135
4.207
2.316
3.228
2.979
5.435
4.615
5.283
3.578
3.589
2.607
8.335
1.227
2.7719
2.932
2.487
3.85)
612
5.818
1.413
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Questions +c be Answered

for Single Batches

I- Ainimuans Data Vglue

2- Maximuw Deta balue

3- Typrca! Data Vo lue

- Variab/Iity of vhe Datq Values
$- Uniformity

é- Shape

36
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I'JB"’%iﬂumiiisttva: ¢»f"ibiiulair,ui-taausun; Trachs

 Aaximumy and Ainimum.
ta/ues of Dakh Inmdreated

972. 408:. 1972. 391 631. 735 1938,

3062. 2919 2424 6887. 729, 3639. 2437.
2085. 2973. 3712.. 2585. 1919. 3294 -449.
4182. . 1858. 1645.° 3629. -453. 1645. 2447,
1867. 1359 285S. 1876. 2915S. 1405. 2388.
247). 728, 1205 2362. 3122, 1019; 1413.
_165. 2776. 213s. 1349. 3628. 4415: 3153.
5747. 213S. 1330. 47560, 2942. 3469. 4695
215S. 4247, 1472. 3aa. 1452: 3378 1971.
1253. 2316. 3e32. 4068 3945. 2682. -848.
2744 3228. 3769. 4858 4014. - 1645, s3ee.
5269. 2979. 5148. 3268. 3133; 4526 6803,
5319. 5435. 1212. _2041,.  2868. 1577. 2084,
1521. 4615. 3994; max 31868. 4392: 4758.
1965. 5203, -484. : 3962. 3752. 1884:
3156. 3578: 2398. 1424. 3820. 2019. 1418:
4719 3569. 6795. $371. 5638. 3765S: 7425.
996 2687 2396. 1870. 2574. 683, 2658
2297. 335. 6235. 3121. 791 1558. 1343
2679 1227. 11%9. 2579. 569, 588, . 442,
3338, 27179, 345. 4327. 2987. 2254. 2%69.
1792. 2932, 2125. 1856. 2325. 1963. 719.
3183. 2487. 1193. 3291. 1044 456). 3689
1289. 3853. 3985, 2857, 4437. 1399. 2144.
3812. 2612. 16432. 3921, _992. 1906. 3425,
§2382. 5818. 6527. . 955. $300. 1289. 2829.
1297. 3413 mir
37 1.0
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| [
W70 Black Populations of Ak buryh Cameus Trmess

_Aaximam and Ainimam
Values of Bafch Ihi’lti‘;‘id

41 _620, 114, 149 558. 58. 1837,
2794 2281, 484, _261 3a, 67. 37
391 891 3657 2483 1838, 312e. 279
3657. TF 1626, 3432, 365S. 188. a4
116 247 27 59 189. 281, 73
42, 87. 17. 15. 5e. 2. 18
6. 17. 32, 196. KR 3 2l
14, 145, s, -34; 17, 2131, 972
12 &5 68 ~970. 940. 131: ETR
212, LITR 2572; - 583.- 2816, 1448 582,
2513, 3129, 3686. ér TJrax 3531, 1538 394)
86 98. 66. . TN 18. 102
40 4. -1, 18. 772. 46. 152.
1177, 579, TH 39, 38 48. 183
1688 3lle, 18. sp. 128. 88. CEmin
18 2088, 2027, 15. 67 3.
169, - 3. 232; 12, 18. 8. 1.
l1e8. 428 T 91 6. 162.
53 108" éﬁnn 272 8. 1976. 475
2835, 636. ) 320 178, _24. 12
38, 44 _23. 103. 3. qgn.'n sel.
12€1. 2081 514. 339, 148 184.
763 159. 8l 27. 21 330¢. 379
1. 22, e .19 -4; 14. 12,
248 mA ]S, 52 7. 6
min 8 Imia 342~ 2! 20. 115, 5.
= CEImin
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[8]

Lg*idaaih
%e . single bakh
_ pulations of each
of #nc Ilﬁcnﬂu tracts in Pifsburyh in 19702
X= pepulation of tae Pr’:lar,ﬁ Censys Track

Zdentifying Indioidica Lvidiua! Obsarvelions:

Y;-g Populetion of Seaand census Wf" vova

>

ppakﬁun of WSB cansas tract = 839

Pl ;5;-&?(.- J Soare dr‘c'inr’ ce rﬂfa: éract

99
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Lecture 1-1. Organization for Analysis

6§§§§§§§§iaﬁ for Analysis: The Use of Numeric and Graphic Methods for (1)

Analytical Organization of Single Batches

Lecture Content:

1. Discuss methods for recording and presenting a batch of

data in an organized manner.
2. Show how such tools convey various batch characteristics.
Main Topiééz
1. Methods for organizing a batch
2. Questions to ask of a batch

Tools Introduced:

1. Sorted batch
2. Histogram

3. Stem-and-Leaf Display
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Topic 1. Methods for Organizing a Batch
I. Basic issue: Organization of data

1. Arbitrary--the manner in which data are usually gathered,
recorded or transmitted
a. At the data collector's discretion--i.e.; a matter

of convenience

b. Contextually defined--e.g., stations on transit line
c. May depend on data gathering procedure--e:g., census
d: Obscures behavior of batch values
e. Makes summarization and analysis difficult

2. lﬁnéiyéiééi——fﬁé manner in which we desire to arrange data

a. Consistent

b. Context free

c: Reliable

d. Conveys behavior of batch values: shape, spread,
location, outliers

e: Simplifies continued analysis of the batch

I1. Problem: Analyst often must use data which come arbitrarily

organized

i. Arbitrarily organized data are unwieldy

2. Such data do not permit ready description

3. Such data do not permit conclusions to be drawn about

batch behavior--cannot get a "feel" for the batch

Iii. Solution: Simple and understandable tools for analytical

organization

1. Simpiest method--Sorted batch (2)
2. Classical methdd--Histogram (3)
3. Exploratory method--Stem-and-Leaf display (%)

101




QMPM

Iv.

Methods

Only analytical organization of data is discussed in this

lecture._ _The techniques covered can be applied to all types

of batches of data. They are visual displays that are easily

appreciated cognitively and help the data analyst by addressing
the problem of what to examine in a batch. Universal rules
for reliable and quick construction are presented.

1. Sorted batch: a simple organization, an array of values,
ordered from smallest to largest
a; éxamﬁlé shows a sorted batch: 1970 populations of
Pittsburgh census tracts

o

Features
i. Simple idea
ii. Retains information on individual values
iid. Operétiohéiiy difficult to construct

Analytic gualities

n,

i. ldrgest and smalleést values identifiable

ii. Ability to locate order statistics (explain
"counting in")

d. Procedure: arrange data in increasing order
e. Sorted batch constructed by computer:
In the session introducing CMU-DAP system:

2. Histcgram: A bar graph which visually presents some of
the information in a batch

a. Example: Histogram of 1970 populations of PiéééBﬁféh

b. Features
i. Reasonably interpretable
ii. Common technique
iii. TFormal definition
102
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iv. Loses information on individual values
v: Operationally difficult to comstruct
¢. Analytic qualities
i §E§§é~-§éﬁéf§ti6hi Eymmetry, irreguiarity, and
clustering of values
ii. Spread--variation of values
d. Procedure:
(Draw histogram of 1970 populations of Pittsburgh
census tracts on blackboard; explaining each step.)
i. Draw vertical (y) and horizontal (x) axes on a
sheet of ordinary graph paper

ii. On horizontal axis, mark off smallest data value
and highest data value in batch, using the scale
of the axis; in this case, 0.3 and 7.9 thousand

iii. Divide this interval into the desired number of
"bins" of equal size for display. It may be
necessary to round the smallest value down and
the largest value up to obtain a convenient width
for each subinterval. For these data, use 8 bins
of width 1000.

iv. Record number of data values falling into each
bin. This information is needed to determine
height of each bar.

v. ﬁérk off v;rticéi axig to cbrréépon& to number
of data valueés per bin

vi. Draw in bars

vii. Can also have intervals of unequal size, and can
combine intervals to produce a "squeezed'" version
or break up intervals to produce a "stretched"
version.

e. Histogram constructed by computer:

In session introducing the CMU-DAP sysfem
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3. Stem-and-Leaf display: An easy and versatile method of (4)

organizing a batch into roughly numerical order:

a. Example: Stem-and-Leaf of 1970 Pittsburgh census

tract populations in thousands of persons

b. Features
i. "Face validity"
ii. Retains information on individual data values
(display and storage versions)

1ii. Many versions--flexible
iv. Mo formal rules for "correct" version
v. Operationally easy to construct
c. Analytic qualities

i. Largest and smailest data values
ii. Location of order statistics
11i. Shape |

iv. Spread
d: Procedure:

(Work through an example on the blackboard.)

i. Choose a convenient unit; or power of ten, for

the display

1i: Every data value in the batch is cut to a whole
muitiple of the unit

1ii. Separate each value for the display into a stem
and a leaf

iv. Find the largest and smallest stems

v. Write down these stems and all the intervening
stems in a vertical column

vi. Use asterisks (*) to indicate the number of digits

104
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vii. Draw a vertical line

viii. Place the leaves on the line corresponding to the
correct stem

e. Another example:

Net migration for Pennsylvania counties in percent (5)
of population from 1970 to 1974

(Do Stem-and=leaf of batch on blackboard)

(Set aside the high outliers)

(bni: = 0.1%, single stems)

i. The sutlying counties have been set aside-—the

caut4s of their large increase in population

should be investigated. Counties are: Monroe;
Pike; Wayne, Wyoming

1i the display appears too "squeezed", we can .
increase the number of lines per stem from 1 to
2or 5

H\
-

£. Another example:
Stem-and-leaf of the Pittsburgh populations where (6)
each stem now has 2 lines.

§§é "&" and "." to split the stem for leaves 0-4
and 5-9. .
1. The first line, labelled %, holds leaves 0-4.
ii. The second line; labelled; ., holds leaves 5-9
g. Another example:
o o T B 7277 o o
Stem-and-leaf for the Pittsburgh populations where (7N
each stem now has 5 lines:
i. Line labelled * holds leaves 0-1
ii. Line labelled t holds leaves 2-3 ("two" and
"three')
1ii. Line labelled f holds leaves 4=5 ("four" and
L “five")
itv. Line labelled s holds leaves 6-7 ("six" and
"seven') i
105
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v: Line labelled . holds leaves 8-9

vi. If a display appears too “Stretéﬁéa"iiéﬂéigarﬁhe
unit by decreasing it, and decrease the number
of stems per line
(Compare net migration stem-and-leaf displays on

two different scales.) (8,9)

vii. Choose the "best" display by controlling the
maximom number of leaves per line

Rough rule: max leaves/line = 10 logy 4N

h. Stem-and-Leaf display constricted by computer:

In the session introducing the CMU-DAP computing

system.
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Topic 2. Questions to Ask of a Batch
I. Basic Issue: Once organized, what can we learn from a single
batch?
II. Try to answer the following questions which relate to the (10)

batch values:

1; Do the values cluster or are they uniformly spread?
2. Are there any deviant values, outliers?

3; Is the batch symmetrical or asymmetrical?

4. Are the vaiu;s widely épread out?

5. Are there any separations in the display?

6: What a;e the order statistics of the batch?

7. Where-is the "center" of the batch?

III. Methods related to questions:

Stefi~dnid-~ledaf displays permit us to dnswer all of these
questions. Histograms do not answer (2), (6) or (7) com-
pletely, sifice individual data values cannot be identified:
Sorted batch does not answer (3), (4) or (7) and (2) and
(5) are difficult to answer.

(Discuss appearance of each of the next 2 slides; answer (11-12)
questions)

(Suggest the use of answers to questions in 1I as attempts

to summarize batch. Summary is facilitated by analytically
organizing the batch.)
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_ Lecture 1-1 ,
Transparency Presentation Guide

Lecture -

Outline Transparency - B o
Location Number - Transparency Description
Beginning 1 Title, Content, and Topics of

lecture

Topic 1
Section III1

1 2 Sorted Batch
2 3 Histogram
3 4 Stem-and-Leaf Display
Section 1v _ _ o }
1l 2 Sorted Batch
2 3 Histogram
3 4 Stem-and-Leaf Display
3.e 5 Net migrations for Pennsylvania
Counties, 1970=74
3.f 6 Stem-and-Leaf Display of
Pittsburgh Populations
3.8 7 Stem-and-Leaf Display of
Pittsburgh Populations
3.g.vi 8 ) Stem-and-Leaf Display of Net
Migrations, Unit = 0.1%
3.g.vi 9. Stem-and-Leaf Display of Net
Migrations, Unit = 1%
Topic 2_ o B , I
Section I 10 Questinns for Single Batches

Stem-and-Leaf Display for
Average Education

Section 1II
Stem-and-Leaf Display for
Percentage in Poverty
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Lecture 1-2. Condensation for Description

Condensation for Description: Thé Usé of Numeric and Graphic Methods (1)
to Describe the Information Contained in Single Batches

Lecture Content:

1. Discuss methods for both condénsing a batch and presenting
the condensed 'summaries"

2. Show how such tools effectively describe the batch
Main Topics:
1. Condensing a batch to a small set of numbers

2. Adequacy of these summaries to describe a batch

Tools Introduced:

1. 5-nimber Summary
2. Simple schematic plot

3. Expanded number sSummary and schematic plot

e |
pimd
)
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Topic 1. Condénsing a Batch to a Small Set of Numbers and a Graphic

I.

II.

III.

Basic issue: Condensation of a batch
1. Condensation is "second-order" summarization-=1¢ss infor-

mation is retained than organization techniques

a. Stem-and-Leaf display and histogram give too much
detail )
b. Seek several easily obtained numbers which convey

some of the detail of the organization tools

c. More éxpedient to "describe" the batch with these

"number summaries" than with the entire stem=and=leaf
d. Schematic plots are efficient mnemonic devices

2. Condensation causes a loss in information except in
special instances when the batch can be reconstricted

with knowledge of only a few values, i.e. whén theé batch
" is wéll4bghaved :

Problém: Organization tools are not convenient summaries
of a batch
1. Usually, organized batch retains too much information.
Léss may be more useful :
2. Condense batch to ﬁﬁéﬁfif§ answers to these questions:
a. What is a typical value of the batch?
b. How much variation is present in the values of
the batch?
3. Condensations must be easy to obtain, effective in their

summarization, readily interpreted, communicated, and
remembered

Solutions: Simple and expanded numeric and graphic

summaries of a batch

1. simple numeérical method~-5-number summary
2. Simple graphical method--Simple Schematic (“box~and-
whisker") plot
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3. Expanded methods--Expanded number summary and schematic’

plot
IV. Methods: Numeric and Graphic presentations of order statistice

1. Notion of order, depths, folding, and "counting in"
(Note: Distinguish between order statistics and actual
data values)

2. 5-number summary: Simple condensation (2)
a. Example: shows a 5-number summary of 1970 populations

of Pittsburgh census tracts

Features

(e

i, Displays of some order statistics--median, max,

min, hinges (quartiles)

ii. Adequately conveys characteristics of most
batches

iii. Computable, with some difficulty, from sorted
batch

iv. Easily computed from stem—and-leaf

V. Cannot be computed from histogram

vi. Does not give sufficient detail for a large or

asymmetric batch

c. Analytic qualities

i. Largest and smallest data values ("extremes")
contained in summary

ii. Median, or middle value of batch, included as
a typical value
iii. Hinges (quarters); or meédians of the two halves
of batch, included
d. Procedure
i. Add a columnh of cumulative counts, or "depths",

to a stem~and-leaf display of the batch

121
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vi.

vii.

viii.

ix:

Depths should be éuﬁuléééa from first line down (3)

Stop cumulating when cumulative counts in each

direction are roughly equal

First number in summary is smallest value in  (4)
batch; minimum, which has a depth of 1. Label

the minimum "E"

Last number in summary is largest value in batch,

maximum, which has a depth of 1. Also label the
maximum "'E"

Third number in Summary is middle value in batch,
median. Which has a depth of (N1)/2. Median

or mean of two middle values (N even), and is
tabelled "M"

Second and fourth numbers in summary are hinges,
medians of the two halves of batch. Hinges have

a depth of (Depth of M + 1)/2, and are labelled

llHll

Arrange the 5-number summary vertically with 3 (5)
columns:

Column 1 = Depths
Column 2 = Letter Abbreviations (E H, M)
Column 3 = Values

Tukey calls 5-number summary a “letter value

display"

e. Another "view": Information contained in 5-number (6)

summary

i

ii;

Computable from number summary

Midspread = Upper Hinge (UH) - Lower Hlnge (LH)
Variability of batch varies directly with

midspread

25% of batch is less than LH, 25% greater than  (6)
UH Hence 507 of batch lies between hinges

125
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iii. Median (M) is a typical or "cerntral" valie of
the batch. Half of the batch is less than M, and
half is greatér. We will usée the median as the
"average" value of the batch

iv. gaﬁge ofhﬁﬁe Bgtcﬁ is éiSb a measure of épréa&
Range = Upper Extreme - Lower Extreme
f. Another example: Symmetric batch
i. Symmetric batch has median lying halfway between (8)

the hinges, halfway between extremes, and halfway
between any other "folds"

ii. Any batch where median is not exactly halfway
between the hinges or extremes is not symmetric--it
is asymmetric

g. Another example: Median incomes for families and 9)
unrelated individuals in Pittsburgh census tracts,
1970
(Compute S5-number summary from Sorted batch) €10)
(Compute S5-niumber summary from stem-and-leaf of
__batch) ) , _ o
(Try to compute 5-number summary from histogram
of batch)

h. 5-number summary constructéd on computer:

In the session introducing the CMU-DAP computing
system

Simple Schematic Plot: Graphical presentation of S-number
summary (Tukey calls this tool a "box-and-whisker'" plot)

a. Example: Schematic plot for median incomes for (i1)
Pittsburgh census tracts in 1970

b. Features

i. Extremely useful in discussing appearance of
batch

ii. Some attributes of batches, such as symmetry,
best conveyed by this graphical tool

iii. May be difficiult to recover the éxact values
of the 5-number summary from thé plot
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¢. Analytic Qualities
i. Made on ordinary graph paper
ii. y-axis represents values in batch

iid. Extremes, hinges, and median clearly marked
iv. Shape and ébfééa of batch easily seen
d. Procedure

i. Draw a box that stretches from hinge to hinge,
crossing with a bar at the median

ii. Draw a 1ine, or "whisker'", from the box to each
extreme

iii. Examine length of box for information on spread

of batch

iv. Examine ;ééég;@Q of bar witb;gibox, and box

between extremes for information on symmetry

of batch

v: Examine length of whiskers for information on

outliers

e. Another example: Pittsburgh populations with the (12)

outliers indicated

Median 1ies ﬁéi%§§§ between hinges, but large number

of outliers makes the batch asymmetric

f. Another example: Schematic plot of net migrations (13)
of Pennsylvania counties, 1970-1974

Schematic plots need not be made verticaily on graph

paper. Plots can be drawn horizontally on regular

3. Expanded number summaries and schematic plots--Adequate

condensation for large batches (N > 100)

a. Example: Schematic plot of Pittsburgh median incomes(14)

.1495;
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b. Peatires
i. Emphasizes the outliers in the batch
ii. Very effective in condensing the batch
iii. Expanded summary best presented as a schematic
plot
c. Analytic Qualities
i. Define fences beyond the hinges to identify
outliers
ii. Outliers suitably indicated on the schematic
plot
iii. Shape, spread, and outliers of batch easily

d. Procedure

i. Introduce further descriptivé numbers as)
Step = 1.5 x Mldspread
Inner fence (f) = Hinge +/- 1 step
Outer fence (F) = Hinge +/- 2 steps
Adjacent values are data values closest to, but
still inside the inner fences

ii. Data values between the inner and outer femnces
are "outside" and are marked on the plot with (16)
circles

iii. Data values beyond the outer fence are "far out"
and are marked on the plot with squares

iv. Whiskers on the plot should be dashed, ending
with dashed crosibars at the adjacent values

v. Far out values should be labelled on the plot in
capital letters

vi. Outside values and adjacent values should be
labelled on the plot in small letters

vit: Tukey recommends the use of a "Fenced-Letter (17)
pisplay", to reduce clutter
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(Noteé: These definitions of outside values may
not be sufficient in certain cases. Deciding
whether a value is deviant is usually a subjec-
tive process. These techniques help identify
outliers but should not réplace common sense.)

Expanded numbér summary and schematic plot constructed
on computer:

in the session introducing the CMU-DAP computer
system.

oy
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Topic 2. Adequacy of These Summaries in Describing a Batch
I. Basic Issue: Once batch is condensed, how effectively do

the summaries describe it?
II. Features of batch that must be inciuded in condensation:
1: Identification of typical value
2. Determination of spread of batch
3. Location of outliers
4. Maximum, Minimum; and Range of batch
(Create 3 or 4 examples of schematic plots from data

sets, and_present them either on the blackboard or
as transparencies. Discuss the appearance of each,
indicating how the above necessary features are
documented.)
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) Lecture 1-2
Transparency Presentation Guide
Lecture
Outline Transparerncy I
Location — Number Transparency Description
Beginning 1 Lecture 1-2 Outline
_Topic 1
Section IV
1.a 2 ) 5-number summary
1.4 3 Stem-and-Leaf display with depths
1.d.1iv , & S-number summary located
(overlay 3)
1.d.vii 5 5-number summary for
Pittsburgh populations
1.d.1ix 2 Letter-value display
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Lecture 1-3. Transformations for Symmetry

Transformations for Symmetry: The Use of Various Algebraic
Transformations to Promote Symmetry in a Single Batch

Lecture Content:

1. Discuss different types of data and the need for transforma-
tion

2. Introduce méthods of determining a good transformation

Main Topics:

1. Units of measurement and different types of data

2. Methods of determining a good transformation

Tools Introduced:

i; Transformation éummaries

XVI.1.97




Topic 1. Units of Measurement and Different Types of Data

I. Basic issue: Batch of data has a specific, but alterable,

unit of measurement

1. Unit of Measurement

a. Data always measured by some recording instrument,

and data values in batch are given in specific units
b. Units Eé& not be ideal for intended analysis

c. May need to aiter a unit of measurement by transformlng (2)

the data, to obtain a better unit of analysis

2. Chosen unit of analysis depends on the type of data to be

analyzed

a. Amounts--never negative, may be very large e:g: (3
height, weight, monetary units, distances, certain
ratios

b. Counts--never negative, aiways integer vaiued

e.g. numbers of persons; things; or events

c. Percentages or numbers bounded on both extremes--take

values between a smallest possibie number and a

largest possible number e.g:. percentage Black (between

0 and 100%) statistical correlations (between -1 and 1)

d. Differences of amounts or counts ("balances")--positive

or negative, unbounded e.g. profit (difference of

monetary amounts) net migration (difference of

counts of persons

3. Chosen transformation should make batch more symmetric

and, consequently, closer to being "well-behaved" and
easily summarized

II. Problem: Need simple rules for choosing a transformation
1. Simple rules may not always be correct

2. Best transformation depends on type of data to be
analyzed

3. Unfortunately, even best transformation may fail to

increase symmetry
14¢
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Module I

4. Or, by increasing Symmetry, transformation may increase

variation, or producé more outliers

III. Sé%ﬁ?ibéi "Correct" transformation depends on type of data
and on spread of data

1.

If ratio of maximum to minimum value is quite iarge
(magnitude of Z or greater), then transformation 1s
essential.

If ratio of maximum to minimum 1is small (less than 20),
then transformation will not change the appearance of
the batch.

Correct transformations are "theotetically" correct, but

‘may fail in practice (3)

a. Amounts and Counts (particularly large counts) -
Logarithms most useful, so are square roots

b. Dercentages and small counts--Special "arcsine"
transformation very useful

cs @@fféféﬁcés;;TréﬁEform the counts or amounts whose
difference 1is under consideration

IV. Examples

1.

Counted Data—-Pittsburgh populations
a. Take logarithms, base 10, of observations

b. @éé%fifﬁéé have not made batch symmetric. Batch is

asymmetric, trailing out to the right instead of to

left 4)
c. Try square roots of observations (5)
d: Schematic plots show relationship between the raw

data and the transformations
level in Pittsburgh
a. Take Arcsine (Squaté Root (X)) for transformation

X = proportions, between 0 and 1

1.

by
\Jw
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b. Spread has decreased, the symmetry improved with special
transformation (7D

¢. Schematic plot shows iﬁéfééééd symmetry, although
outliers still present (8)

§§56ﬁts;;gdiice expenditures in millions of dollars by
state; 1973 (9)

a. Try squaré root and log transformation
b: Logs are very effective

@ifferéncéfQiﬂégunts--ﬁef migrations for Pennsylvania

counties, 1970-~1974 (10)

a. Stem-and-leaf shows symmetry but large outliers (11)

b. Net migration = Change in Population - Number of
Births + Number of Deaths: Transform these three
batches separately.

. Positive and Negative values in the Change in  (12)

Population batch make transformation impossible (13)

XVI.I.100



Topic 2.

I.

Iv.

Module I

Basic Issue: Need a reliable method of finding a good

transformation

1. Transformation must promote symmetry, and bring the outliers
of the batch toward the median

2. Restrict ourselves to transformations from X to xR} for any
value of R

3. This form of transformation includes logs (R=0)
Problem: How do we find the correct exponent R?

Solution: Examine 5-number summary of raw and transformed
batch

1. Correct transformation will have median halfway between
hinges and extremes
2. Simple Ladder of Powers indicates that: (14)

a. Increasing R expands the larger values of X
b. Decreasing R compresses the larger values of X

3. Ladder of Powers useful in conceptualizing how various

transformations act on batches

Method: Transformation Summaries
1. Example shows transformation summaries for the number of
births in Pennsylvania counties, 1970-1974 (15)
a. Deaths take a similar transformation
b: “Natural" increase in population = Births - Deaths
will also be symmetric with logs of births and deaths
2. Features

a. Useful if correct transformation for type of data

in batch does not promote symmetr

b. Also useful if batch does not fall neatly into one of

the four types
149
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c. EBasily computable from S-number summary of raw batch

d. Helps "zero in" on the appropriate exponent, R, for
transformation

Analytic Qualities

a. Midhinge and Midextreme indicate whether R should
be increased or decreased

b. Correct R has median = midhinge = midextreme

c. Upwards trend (M < tidhinge < midextreme) indicates
R should be decreased

d. Dowﬁﬁétdéftréﬁa ™ S,midhinge > midextreme) indicates
R should be increased

i. R = 1, Raw data

ii. R = 2, Squared data
ifii. R = 1/2, Square roots’

iv. R = 0, Logarithms

-v. R = =1, Negative Reciprocals (change of sign

retains order), Rarely will additional transforma-
tions be needed

Procedure
a. Compute 5-number summary for batch

b. Compute Midhinge (MidH)

=1/2 (UH + LH)
Midextreme (MidE) =

1/2 (Max + Min)
¢. Compare MidH, MidE, and Median (M)
d. 1If M < Midd < MidE, decrease R

If M > MidH > MidE, increase R

e: 5-number summary for transformation of batch easily

correct €e€Xponent

f. Continue search until M = MidH = MidE

15p

Xv1.1.102



ﬁoduie I

5. Transformation summaries constructed on Computer:
a. Use LET and REEX to transform batch
b. Use SUMMARY and ESTATS to examine effect of

transformation

is iterative process
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B Lecture 1-3 o
Transparency Presentation Guide

Lecture B
Outline Transparency - ) o
Location . Number : Transparency Description
Beginning 1 Lécture 1=3 Outline
Topic 1_
Section I
l.c . 2 Need for new unit of analysis
2.4 3 Types of Data & Transformations

Section IV

1.b 4 Stem-and-Leaf of Logs of
Pittsburgh Populations
l:c 5 Stem-and-Leaf of Square Roots

of Pittsburgh Populations

2. 6 Stem-and-leaf of Pittsburgh
poverty

2.b 7 Stem-and-leaf of transformation

2.¢ 8 Schematic plot of transformation

3. 9 Police Expenditures, by State,
1973

4. 10 Net migrations of Pennsylvania
counties

4.a ' 11 Stem-and-leaf of net migrations

4.c 12 Stem-and-leaf of Births and
deaths

4.c 13 Stem-and-leaf of éﬁaﬁge in
population
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Module I

Lecture 1-=4. Analysis of a Well-Behaved Batch

Analysis of a Well-Behaved Batch: Presentation of a Special Type of
Batch and Examination of its Features

Lecture Content:

1. Define a well-behaved batch and discuss its characteristics

2. Introduce measures to summarize this special kind of batch

Main Topics:

1. Definition of a well-behaved batch

2. Location and scale measures for a well-behaved batch

Tools lntrdauccd:

1. Mean

2. Variance and Standard Deviation

170
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Topic 1. Definition of a Well-Behaved Batch
1. Basic Issue: Defining a well-behaved batch

1. Well-behaved batches are theoretical entities and are
rarely observed empirically

2. Many data analysts incorrectly betieve that well=-behaved
batches are common

3. We discuss them because of their role in regression
analysis

4. The well-behaved batch presented here was artificially

constructed to facilitate the introduction of the

definition
ii. ﬁefihitioﬁ (éj
1. Well-behaved batch is: 3)
a. Symmetric: MidH = MidE = M _ (4)

b. Devoid of outliers

2. For a well-behaved "standard" batch with M = 0, and (5)
Midspread = 1.36:
a. 50% of batch > 0; 50% < O
b. 50% of batch is between ~0:68 and 0.68
¢ c. 80% of batch is between -1.29 and 1.29
d. 80% of batch is between -1:65 and 1.65
6. 95% of batch is between -1.96 and 1.96

f. Extremes are approximately -2.60 and 2.60, but may
be larger

3. Well-behaved batch has shape that resembles (in theory) (6)

a Gaussian (or "normal') function

177
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Topic 2. Location and Scale Measures for Well-Behaved Batch
1. Basic Issue: Need for special summarization tools for a
well-behaved batch

1. All well-behaved batches have similar appearance
2. Two well-behaved batches may differ only in:

a. Location——where batches are positioned along the Real
number line

b. Qéaie::hbw spré5370ut tﬁé batches are, amount of
variation in the data values

3. Need to quantify these concépts to facilitate comparison
of well-behaved batches

II. Problem: Which location and scale measures are appropriate?

1. The median of a batch is a measure of locatiom; as is the (7)

mode of a batch (data value with greatest frequency of
batch

2. The midspread and range are measures of spread. The (8
variance, or average of the squared differences from
the mean; also measurcs spread

3. The standard deviation, or square root of the variance of
a batch, in the same unit as the data values, is also
useful in measuring the &calé of the batch

ITI. ééiﬁéibﬁé Mean and standard deviation are the correct
measures of location and scale, respectively

i. 1In a well-behaved batch, X, mean, and M, median, are (7
equal to each other and to the mode

3. 1iIn a well-behaved batch, the standard deviation, s, is (8)
approximately equal to 3/4 x Midspread

iV. Methods: Mean and Standard Deviation

1. Example shows mean and standard deviation of our (9)
hypothetical well:--behaved batch
172
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A well-behaved batch with X = 0, and s = 1, is called a

standard or standardized well-behaved batch
Features

a. Mean and standard deviation are sufficient to des-

cribe a well-behaved batch (explain statistical
sufficiency)

b. Any weil behaved batch m-v be standardxzed by sub-

tracting the mean from each data value and dividing

the remainder by s; (X - X)/s

c: Mean and §§§§&§§&7§§§iéfiéﬁ are not sufficient to

describe batches that are not well-behaved

Analytic Qualities

a. Median and midspread are more resistant, or less

affected by outliers, than mean and standard

deviation

b. Nonetheless, X and s are classical measures of

location and spread (for all batches)
Procedures

a. X=(1/N) I X,
i 1

/kl/N) : x, - B

Another exampiei 1.Q. scores for 100 16 year old females
o (10)

a. Batch is well-behaved: (11)
i.' Symmetric

ii. No outliers

= 101

it

iii. X

3/4 x Midspread = 12

e

N

w0
it

b. Standardize batch: Note resemblance to hypothetical

standard well-behaved batch (12)

(Thls lecture shouid be foilowed by a review of the

entire unit before the guiz is given.)
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- Leécture 1-4 ,
Transparency Presentation Guide

Lecture N
piltliﬁé Transparency B _ ) i
Location - —Number - Transparency Description
Beginning 1 Lecture 1-4 Outline
_Topic 1
Section II
1. 2 Hypothetical Well-Behaved
Batch,; Sorted
1.a _ 3 Stem-and=Leaf and 5 Number
Summary of Hypothetical Batch
1.b 4 Schematic plot of Hypothetical
Batch ’
2. 5 Histogram of
Hypothetical Batch
3. ) 6 B Gaussian function‘ﬁ~
(overlay 5)
Topic 2
Seéction 11
1. 7 Measures of Location of a Batch
2. 8 Héééuréé of Scéie of a iatcﬁ
Section IV
1. 9 Hypothetical Batch, mean and
standard deviation
5. 10 1.Q. scores for 16 year old
females
5.a 11 Stem~and-Leaf of I.Q. scores
5.b 12 Standardized I.Q. scores
5.b 13 Stem-and-Leaf of Standardized
Scores
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Stem-and-Lea€ of a Hypothetical Well-

[3]

values cut Umit= .10

Behaved Bateh.
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Schamatic Plot of Hypothetical Well- Behaved
Batch, » (4]

Letrer-Uslue Display

-3 odjacent
m;nimu"h S —— ——

e e adjacent

> A o
MA X 1™ UM

ANo outsride or Farouwt values !

-4
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Measures A‘F Jhe Lec %on of a Ratch

(The Three M '5)

) Median (M)

middle value of a bq'&:k

&) Mode (Ro)
mos+ crqumf al-k value of a bqf-cn

3) ﬁlcan (Y)
arithmetica! ave erage of a Ecd-ch
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Measures of the Scale of a Batch

9 Midspread
difference 'n hinges o+ a batch.

i) Ranqe
difference in ©2+-:mes of & bateh

3) Uarrance (s*) | |
Querage squared difference of the wglues
?rem -he ﬁm of a bateh (in um‘hc"‘s.

4) $tandard Devriation (S)

square root of the variance, s
(insame unit as data),
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_ Batch of I.Q. Scores {wo]

for 16 year old Females.
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. —ana L”; Dliilc’.‘
o I.Q. Scores

(umh l)

“ 1,‘ 66179
8 g :joi1as
16 SRsee1829 o
33 ?:00"'15‘?‘???35339'1
94S T&i5655 66727788 ¢9 ]
(1) 0 lcoooil 111 1aaa3334y¢
88 oI55S 6777688888 9
¢ i o111 7211 123888 4%
9 /2SS 6§
4 20
3 nilces
e Sum'rﬁ&,@
A El 7% midspe cﬁd-las-qatlb
W0 Hi 922 A * micspread = 12
sos  m|ior -
a6 H|ies X =101
! El /a6 S=).$
M|l
midH | 1o
»idE | o

Badeh is symmedric, has no outliers,
Ytﬂ ST Syx nlaoprtxil

Mc, it 1s u-c,l1~ behaved.
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[13]
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Homework Problei

Unic 1

1. A municipality is trying to decide between building its own steam-
electric generating plani or purchasing power from a private
supplier. Data exist on the installed generating capacity of 33 )
plants in municipalities with similar socioeconomic and demographic
characteristics., Installed generating capacity is a measure of
the size of a plant. A first step jn the decision process involves
examining the range of,plant,sizes, Sort the data on installed
generating capacity; then make a histogram.

Do the data cluster or are they uniformly spread out? Are
the data symmetrical? Are there any outliers? If there are
clusters or outliers, wh.re do they occur? What can the
municipality infer from the sort and histogram?

Installed Generating Capacity in Megawatts
Bull Run 950 Barry 1770.8
Colbert '"A" 846.6 Canal 542.5
Colbert "B" 550 Etiwanda 1069.1
Gallatin 1255:2 Astoria 1550.6
Johnsonville "A" 1485.2 Ravenswood 1827.7
Johnsonville "B" 461.2 Conemzugh 1872
Kingston 1.700 Kyger Creek 1086.3
Paradise "A" 1408 Keystone 1872
Paradi~e "B" 1150.2 Elrama 510.3
Joun Sevier 823.3 Mt: Storm 1140.5
Shawnee 1750 Joppa 1100. 5
Widows Creek "A" 853 Four Corners 1636.2
Widows Creek "B" 1125 Fort Martin 1152 )
Big Sandy 1650.8 Wabash River 908
€ane Run 1016.7 Parish 1255.4
Clifty Creek 1303.6 Sam Bertron 826.3
Gannon 1270.4

150
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2. Below is a histogram of the 1973 population of the U.S. for the

fifcy states and. the District of Columbia and the original data

from which the histogram was composed: What is the interval of

population size into which the largest number of states fall?
What_ is the number of states in that interval? Which states are

the outliers of this batch? How would a logarithmic transfor-

mation of this batch affect the display? Data are on the next

page.
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State

1973 Population

(in thousands)

State

ﬁoduie I

1973 Population

(in thousand °

Rhode . -
Connecticut
New York
New Jersey
Pennsylvania
Ohio

Indiana
Illinois
michigan
Wisconsin
Minnesota
Iowa
Missouri

N. Dakota
S. Dakota
Nebraska
Kansas
Delaware
Marvliand
D.D.
Virginia

W. Virginia

1,028
791
464

5,8i8
973

3,076

18,265
7,361
11,902
10,731
5,316
11,236

9,044

4,569

3,897

2,904

4,757
640
685

1,542

2,279
576

4,076
746

4,811

1,794

N. caroiina
S. Carolina
Gééfgié
Florida
Kentucky
Tennessee
Alabama
Mississippi
Arkansas
Louisiana
Cklahoma
Texas
Montana
Idaho
Wyoming
Colora }o
New Mexico
Arizona
Ztah

Nevada
Washington
Oregon
catifornia
Alaska

Hawaii

o
(Yol
OO

WYY v 4 s

5,273
2,726
4,786
7,678
3,342
4,126
3,539
2,281
2,037
3,764
2,663
11,794
721
770
353
2,437
1,106
2,058
1,157
548
3,429
2,225
20,601
330
852
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3. Below are the test scores of fifty fifth grade students. Make
a stem-and-leaf and a schematic plot of this batch, What
are the tean and standard deviation of this batch? How well-
behaved is this batch? What is the median of the batch? How
does it cotipare to the mean? :

72 112 56 104
67 135 97 66
76 102 97 78
77 93 63 82
92 87 53 81
85 81 112 96
?@ 106 100 72
65 71 49 83
75 82 77 67
83 112 93 78
89 102 86 99
102 96 90 105
118 80

XVI.1.142




Module I

4. a. As a member of the mayor s task fBEée on residential

integration you have been asked to make a study of the

distribution of nonwhites in Omaha, Nebraska. The data

below are from the 1970 U.S. Census of Population. They

give the percent of the population of each census tract

in emaha that is nonwhite. Put them in the form of a

0.253 0.000 3.811 0.559 2.306 10.188
27.276 21.528 43.338 44,603 37.037 42,392
52.831 35.694 98.315 69.719 1.597 6.769

6.941 1.329 .:0.357 1.095 0.511 0.247

0.121 0.233 0.593 0.591 0.689 4.660

0.119 6.90E-02 0.777 0.322 0.152 3,39E-02

7.27E-02 0.110 8.64E-02 0.421 0.544 0.117

1.056 0.475 0.369 0.363 0.153 0.132

0:206 0:145 10,563 0:174 7.943 23.754
17.297 5.663 9.35E-02 5;58E-02 5.33E-02 0.605
15:269 20,628 1.875 1507 1:336 1,083

- 0.326 0:288  0.129 9:57E-02 = 03296 4:82E-02
5.96E-02 0.446  5.94E-02  7:41E-02 2.57E-02 3.39E-02
7.,05E-02 0.118 0:114 1.313 1.473 5.05E-02

0:239 0;128 14,012 0:.232 - 0:153 0.207

0:262  5.44E-02 11:111  2.;37E-02 6.79E-02 5;29E-02

b. Prepare a five number sumnary of these data and present it
as a letter-value display

c. Present a fenced 1etter display.
d. Prepare a schematic biéf of these &éfé;

e, The members of the maybr 8 task force are unfamiliar with

stem-and—leafdisplayigiiPut the data into the form of a

histogram. What information has been lost in going from

one to the other?

194
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The figure below is a schematic plot of the percent of families
in Omaha census tracts with incomes below the poverty lé&vel

in 1970. Label the. different kinds of outliers; the hinges,
and the médian and indicate thé values that thése points
correspond to.

5.

,
“

40
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6. Test scores on a group of children (age 10) from ‘the same
neighborhood were as follows:

i.és, 5.25, 5.52; 3.40, 5.5§; 3.73; 3.80

2.95 to above 3. 80 Use intervals of .2 (i €.; moving
value first equals 2. 90, then 3.10, then 3.30, etc.) Also
move the value to 4.90,

7.  (a) Draw two different stem-and-leaf displays of the welfare
data by stretching or squeezing the stem, Which do
you . think is. preferable’ Why? Do they both give the
same information about tke batch?

(b) what do you infer from your analysis about the cost of
welfare per inhabitant? Pay particular attention to
outliers.

(c) Summarize the data in a letter-value display. Now exclude

outiiers and present in a letter-value. display. Comment

on the differences;

Data are on the next page.

19¢

XVI.1.145




QM

Alabama
Alaska
Arizona
Arkansas
california
Colorado
Connecticut

Delaware

District of Columbia

Florida
Georgia
Hawaii
Idaho
Illinois
Indiana
Towa

Kansas
Kentucky
Louisiana
Maine
Maryland
Massachusetts
Michigan
Minnesota
Mississippi
Missouri

Montana

XVI.1.146

1972 Cost of Welfare per Inhabitant by State

Nebraska
Nevada

New Hampshire
New Jersey
New Mexico
New York
North Carolina
North Dakota
thio

Oklahoma
Oregon
Pennsylvania
Rhode Island
South Carolina
South Dakota
Tennessee
Texas

Utah

Vermont
Virginia
Washington
West Virginia
Wisconsin
Wyoming

(Source: i§?§ World

Almanac, Page

157)
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8. A recent study of career choice listggfthgigegcgngigg ggifi

doctorate-holders who held a job in the same field as their

doctorates, Prepare a stem-and-leaf display of the results.

Do the data cluster or are they uniformly spread out? Are

the data symmetrical? Are there any outliers? If there are
any clusters or outliers, where do they occur? What can you

infer about carzer choice from your analysis?

Mathematics 91%
Physics; Astromomy 90%
Chemistey 84%
Earth Sciences 93%
Engineering 92%
Agriculture, Forestry 73%
Health Sciences 78%
Biochemistry, Physiology,
Biostatistics 70%
Anatomy, Cytology; Gene- ,
tics, Entomology 477
Botany, General Biology, i
Botany 51%
Anthropology. Archaeo-
logy NA
éoc:oiog§ 79%
Economics, Econometrics 56%
Political Science, Inter- =
national Relations 817%
History B85%
La:guage, Literature 83%
Philosophy, Arts 70%
Business, Theology 73%
Education él%
Psychology 907%
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9. 1Identify the following batches as bounded numbers, amounts,

counts, or differences.
(a) The average hourly earnings in manufacturing 1ﬁaééffié§-wéféi

195 $1.44
1955 1.86
1960 2,26
1965 2.61
1970 3.36

(b) Grain receipts at western Canadian grain centers in 1972-73 (in

Thousands of Bushels):

Wheat 633,258
Oats 32,484
Barley 236,816
Rye 9,252

Flaxseed 18,346
Rapeseed 62,949
(c) Unemployment rate for Americans aged 16 and over:
Spanish 7.5
White 4.3
Black 9.3

(d) 1Indians in North Dakota, 1970:

Apache 9 Kaw, Omaha 33
Cherokee 50 Lumbee 33
Chippewa 6,721 Shoshone 11
Creek 18 Sioux 3,655
Iroquois 45 Other 1,629

199
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(e) Performances of record long run Broadway plays:

Fiddler on the Roof 3,242
Life with Father 3,213
Tobacco Road , 3,182
Hello Dolly 2,844
My Fair Lady 2,717
Man of LaMaricha 2,328

(£) Change in population in major Alaskan cities between 1960 and

Anchorage 3,844
Fairbanks 1,460
Juneau - 77
Ketchikan 511
Spenard 9,015

(g) Sales of recreational vehicles, 1973:

Travel trailers 212,300 units’
Motor homes 129,000 units
Truck campers 89,800 units
Camping trailers 97,700 units
Pickup covers 223,700 units

(h) Percent of high school seniors with no college or vocational school
plans, by family income (1974)
Under $5,000 . 27.1
$5,000 - §7,499 23.5
$7,500 - §9,999 21.0
$10,000-$14,999 19.7
$15,000-$24,999 15.3

T f > 200
$25,000 and over 6.9
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(i) Distance from home to collége for first-time students in &4=year
colleges, 1973:

Distance, _Percentage

in Miles Distribution
10 or less 15.8
11-50 19.9
51-100 15.9
101500 35.6
more than 500 12,8

(j) Average raise received by instructional staff in universities at
beginning of 1975-76 school year:

Professor $1,748
Associate Professor 1,045
Assistant Professor 848
Instrictor 857

(k) Distribution and frequency of low-income families, Sy place of

residence

Number in

Residence Group (Millions)
Urban 27.5
Rural non-farm 11.4
Rural farm 4,8

(1) U. S, shoreline, in statute miles:

Atlantic coast 28,673

Gulf coast i?;iai

Pacific coast 40,298

Arctic coast (Alaska) 88,633
. éztll
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10. BeFow 18 a list of food indexes for major U.S. cities in July,
1974. Preparé a stem-and-leaf display and five number summary.
How does this batch compare to the hypoth«tical well-behaved

batch?
Atlanta 162.7 Milvaukee 154.8
Baltimore 163.1 Minneapolis 162.9
Boston 161.6 New York 165.0
Buffalo 159.9 Philadelphia 164.5
Chicago . 160.4 Pittsburgh 162.9
Cincinnati 1632 Portland. 154.8
. Cleveland 159,2 St. Louis 157.6
Dallas 155.7 San Diego. . 159.2
Detroit 162.6 San Francisco 154.8
Honolulu 156.9 Scranton 159.3
Houston 162.7 Seattle 155.3
Kansas City, MO  160.7 Washington, D.C. 164 .4
Los Angeles 155.5

2010
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11. Population densities by state are skewed towards low density.

the summary numbérs,
results in a stem-and-leaf display.

and symmetty.
Population Density by State, 1970
(people per square mile)

Alabama
Aiaska
Arizona
Arkansas
California
Cotorado
Connecticut

Delaware

Disttict of Columbia

Florida
Georgia
Hawaii
Idaho
Iilinois
Indiana
Iowa

Karisas
Kentucky
Louisiana
Maine
Maryland
Massachusetts
Michigan
Minnesota
Mississippi

Missouri

67.9
0.5
15.6
37.0
127.6
21.3
623.7
276.5
12,401.8
125.5
79.0
119.8
8.6
199.4
143.9
50.5
27.5
81.2

XVI1.I.152

Nebraska
Nevada

New Hampshire

North Carolina
North Dakota
Chio

Oklaioma
Orezon

Pennsylvania
Rhode Island
South Carolina
South Dakota
Tennessee
Texas

ttah

Vermotit
Virginia
Washington
West Virginia
Wisconsin

Wyoming

(World Almanac, p.

203

Do the transformation and present the
Discuss clustering, outliers

262,
905,
85.
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47,
116.
51.
72.
81:

Lo T, K N SV T Yo |

154)



ﬁb&uié i

Homework Solutions
Unit 1

1. Installed Generating Capacity in Megswatts (Sorted)

- 1140.5
510.3 1150.2
542.5 1152
550 1255,2
691.2 1255.4
823.3 1270.%
826.3 1303.6
846 .6 1408
853 1485,2
" 908 1550.6
950 1636.2
10167 1700
1069.1 1750
1086 .3 1770.8
1096 .8 1827.7
1100.3 1872
1125 1872

_The data cluster between 800 and 1300, ééméﬁé§,i§§ not

uniformly spread out. The batch is roughly symmetrical and has
no outliers. The municipality will be interested in noting that
plant sizes in similar wunicipalities range from 500-1900 megawatts
installed generating capacity. Central values of that range are

observed more often than the erxtremes and a typical value (the

2104
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>
»

a) The interval of papulation size into which the largest number

of states fallg is zero to one million.
b) The mumber of states in that interval is thirteen.
c) California and New York are the outliers: of this batch:
d) A logartthmtc transfbmation of this batch would promote

symmetry by compressing the larger values in the batch
while stretching out the smaller values.

3. o
, UNIT = 1
Al
A 130 —
???777 ooow
6/ 35677 10 4— 4
711225677889 - e -
8/01122335679 90__
9/ 023366779
e IO f 3
1000222456 o —d
11 22238 M
19 [ ]
12p - 50 —f— motes
5
B. MEAN = IX,/50-86.46
STD. DEV.= ,_ -
\ TgT2e 1.75 Where N=50 and
_N— X = mean

C, MEDIAN = 84 (depth - 25h)

This batch is roughly symmetric and Gaussian in shape. The

median and mean are approximately equal. Midhinge = 87,5;

Midextreme = 92; these values are also close to the median, but»

there is clearly an upward trend., There is one outside value,

which could not be the case in a well-behaved batch. However,

for _real data, this batch comes remarkably close to being vell

behaved, Notice also that 3/4 x midspread = 17.25, which is

close to the standard deviation.
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4. (A) Unit = .01%

022334555555566777899
1111222345557
0033345689

% £l %]
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(8) #96 % pop: nonwhite in Omaha census tracts
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4, (C) #9 % nonwhite pop. in Omaha census tracts

M4sh | 355 f
H 25 .11 1.8 1.69
1 0 98

:7,77775;‘5& S ADJ: 0, 3.8

£ 2.43 5.34 | QUT: 4.6, 5.6, 6.7
] 7 - O Fh?ee FAR: éoé ,ioéiiiéifii;,
F -4,97 6.88 14,715, 17, 20, 21
XXX nineteen 02’ 23’ ac’ a4’ 7o’
23, 27, 35, 37, 42,

43, 44, 52, 69, 98

(E) __Although the histogram shows that almost 80% of the census

tracts' populations are less than 10% nonwhite, you lose the

information that 21 tracts are less than .17 nonwhite, that 62

tracts have iless than 1% nonwhite, and so on., You also lose

the specific values.
In short you have lost a lot of the detailed information.
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6) o

moviog - i B 7
value ®mean § = 4 x pidspread
2.9 3.38 3.0 .35 .33 -39

3.1 3.41 3.40 .32 .29 34

3.22 3.43 3.40 .30 .28 .29

3.3 3.4 3.40 .29 .27 .26

3.5 3.47 3.50 .29 .26 . .23

3.7 3.50 3.59 .30 .28 .26

3.9 3.53 3.59 .33 .30 .30

4.9 3.67 3.59 .61 .57 :30

While the mean varies with every shift of the moving value,
the median jumps twice; but remains constant  for any extreme
magnitude of the moving value. Similarly, while the standard
deviation moves with every shift of the moving value, the midspread
does shift; but remains constant for any extreme magnitude of the
moving value., Whatis demonstrated is the resistance of the median
and the midspread to extreme values of the batch.
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7 (a) Two likely stem-and-leaf displays are:
1972 Cost of Welfare per Inhabitant by State

unit = §1 unit = $1
1 7§ 6
_o| 68 1 8
2 3340 2 0
| 775985 t 33
3 0302033342 f 554
| 865555 -8 77
4 040 20 98
e} 9588 3 000-
5 | 0221104004 t 323332
_ 8| 56 f 45555
6 K 6
. 3e 8
7 1 4 00
. t _
8 | £ 45
. 9 8 |
9 . 4o 988
el 7 5 011000
10 0 t az
f 445
s 6
50 :
HI: 71, 89, 97, 100

There 1§ no one preferable scale; as long as you can defend it,
you may select any scale, An argument could be made in favor of
the scale on the right (the stretched scale) because it gives a
better idea of the shape.

_ Both scales give the same information about the batch; one

might argue that it is easier fo read the information from the
stem-and-leaf on the right, or that the scale on the left emphasizes
the cluster and the outliers,

(b) 1In 1972, the cost of welfare per inhabitant ranged from $16.35
in South Carolina to $100.44 in the -District of Columbia, There

is a cluster of values around $30-35 arid a smaller cluster at
$48-52, There are four outliers--Massachusetts, New York, =
California, and the District of Columbia--all of which were high.
The otutliérs are all states with large tietropolitam areas. D.C.,
with the highest cost per inhabitant, fs exclusively urban. The
lowest costs are associated with rural states: S.Caroclina, Wyoming,
Nevada, Thus high welfare costs per inhabitant are associated with

urban areas. B
214
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7. (@ #51
M 26 35
H 13n | 30 50
E 16 100
#47
M 24 35
H 12h | 29.5 49.5 =
E 16 56

_ When high cutliers are excluded; the only mmber of the five
number summary with a major change is the maximum, Hinges change

very little. The batch is much more symmetric with outliers
excluded.

m .
bt
<




Q-

8.

Lo | 47,51
7 | 3003
_. | 896_
8 | 413
o | 5 -
9 | 10320

1 value missing
unit = 1%

by contrast with bellshaped and skewed batches, this Sﬁé may be
considered uniform. By the same reasoning,; the data are relatively
symmetric. There are two 16§”§ﬁtliét§' 47 and 51. Roughly. 76-932

are employed in their field.

9.
a) amourt
b) amovunt
¢) bounded numbers
d) count
e) count
f) difference
g) count _
h) bounded numbetrs
1) bounded numbers
§) difference
k) count
1) amount
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10. Two likely stem-and-leaf displays are:

uvnit = 1
15€f[|5544405
- 8|87
15 9999
16 100

tj2332222

£i54 4

and _

unit = .1
154 1888

51753

6 {9

7 16

8
1591|9223
160 |47

1 |6

2176799

3112

4 |54
165 1|0

The five number summary is:

= _n=25__

13 M .. '160.4

7H 156.9 162.9
E 154.8 165.0

To compare with the hypothetical Wwell-behaved batch calculate
the midhinge and midextreme.

Midhinge = 4“"&'94 162.9 . 1599
::544+ 165.0
2

Midextreme = = 159.9
This batch appears well-behaved in. that its med:lan m:ldh:lnge and
midextreme have approximately the same value:. However, it is

clear from either stem-and-leaf display that the batch is more

uniform than bell shaped; therefore, it is not an example of a
well-behaved batch.

217
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11) After a logarithmic transformation, the data are:

unit - .i

<0. |3
+ 0 .

* | 566999249
1.]11233%

* | 55566667788899999939
2.|l00011113444

*x | 567899

3.

.

4. |0

*

__ These data now more closely approximate the well-behaved

batch: They are roughly symmetric, with a cluster around the
center (median 1.8): There are two outliers: one high at 4.0 (D.C.)

and one low at -.3 (Alaska).
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Unit 1 Quiz

1. Answer the following questions briefly and generally:

1. What is a batch?

2. How are the median and mean affected by deviant values

in a batch?

3. What is the midspread?

4: What is the midhinge?

5. What techniques are there for condensing a batch?
. 6 wﬁge are the possible advantages of condensing a batch?
7: What are the most common transformations?
8. What is the simple ladder of powers?
9. What are the possible advantages of transforming single

batches?
10. What is a well-behaved Eiiéﬁ?
11. How may two well-behaved batches differ?

12. How is a well-behaved batch standardized?

'

218
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live births) for the sixteen Eastem Montaﬁa counties.

Carter 28.4 Powder River 15.0
Custer 14,2 Prairie 15.7
Daniels 26.3 Richland 16.6
Dawson 17.2 Roosevelt 42.2
Fallon 21.1 Rosebud 40.8
Garfield 12.1 Sheridan 19.7
McCone 24,2 Valley 26.2
Phillips 28.1 Wibaux 27.2

Do the following with the data:

Sort the batch.

[y

NI

Prepare a stem-and-leaf display.

Make a five-number summary.

4. Make a schematic plot.

5. Discuss the data, based on your work in parts 1=4.

(By now you should know what quéétioné to ask of a Sétcﬁ.)
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Unit 1 Quiz
Solutions

I. 1. A batch is a set of similar numbers obtained in some
consistent fashion.
2. The median is affected very little by deviant values. Eitremeiy

large values may increase the mean a lot, while extremely

small values may greatly lower the mean.
3. The midspread is the distance between the hinges (upper hinge
=~ lower hinge) It is a measure of spread.

4. The midspread is the value halfway between the hinges

(upper hinge ; lover hingey ;o 3o . neacure of central location.

5. Schematic plots; expanded schematic plots, five number

summaries, expanded number summaries are techniques for

condensing a batch.

6. The purpose of condensing a batch is to summarize it by
describing a typical value and variation of the values,
and identifying outliers.

7. Common transformations are of the form X»-XR where, R = -l

9,,;Z2 2 (that is, negative reciprocals, logarithms, square
roots, . and sqpares) The arcsin of the square root of x

is another common transformation. .
8. The simple ladder of powers is a plot of x against

transformations of x showing the direction and to some

extent the rapidity with which the transformation changes
the batch.

9. Transformations reexpress. the batch in units that are desirable
for intended analysis. This usually means increasing

symmetry; reducing outliers and variance is also desirable.

10. A well behaved batch has median = mean = midhinge = midextreme,

hiis 8 = 3/4 AH, has no outliers and resembles a Gaussian
function in shape.

11. Two well-behaved batches may differ only in location and

scale:
12. To standardize a well-behaved batch, subtract the mean from

each value and divide by the standard deviation.
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2. Unit = 1 death per 1000 live births

1*| 26
. | 55679
2% 1

. | 66788

u1 | 40.8, 42.2

3. #16

M 8h 22.6 B ,

. o - midspread
H 4h 16.1 27.6 11.5
E ‘J 12.1 42.2
dptionéi:
. ; 17.3 e —
£ =1.2 44.9 adjacent
B Fded Fodd 12,1 42,2
F ~18.4 62.1

* %k % %k %k
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5. Infant mortality rates range from 12:1 to 42,2 deaths per 1000
live births in Eastern Montana. Although the step is. large
enough that there are no outside values; there are clearly
two high outliers. It is worth looking more deeply into the
populations and standards of 1living in Roosevelt and Rosebud

counties. The data do not particularly cluster, and a typical
infant mortality rate is 22.6;
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Quantitative Methods for Public Management

Lecture 2-0. Introduction to Unit 2

Introduction to Unit 2, Analysis of Multiple Batches of Data,

Non-Ordered

Lecture Content:

Introduction to the objectives, problem, and notation of
Unit 2

1. Specific Introduction to the Objectives of Unit 2
3. Presentation of General Problem of Unit 2

3. Notation for Unit 2

XVI.I1.172
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1.

1I.

Module I.

Specific Introduction to the Objectives of Unit 2

Questions to be answered in Unit 2

1. What is a non-ordered multiple batch? (1)
a. A collection of two or more batches related in

some qualitative way

b. There is no quantifiable ordering of the batches  (2)
in the collection

2. What analyses can be done on a collection of batches?

a. How can we best examine or contrast the batches?

(Note: Since we are studying more than 1 batch,
we can discuss comparison of batches)

b. ﬂhat,is, if one exi§ts, the best unit of anaiysis
for the examination
Skills to be mastered in Unit 2 (3)

1. Perceiving and recognizing multiple batches that are
non-ordered

2. Organ1zing the batches to facilitate comprehension,

presentation; and analysis
3. Comparison of the batches in the collection

4. Transformations to stabilize variation across the
batches



QMMM

Topic 2. Introduction to the Problems of Unit 2

1. What is a non-ordered multiple batch?

1. Example: 1970 population of the ;§§iggnsus Egggts (4)

in Pittsburgh, and the 96 census tracts in Omaha,
Nebraska

a. Relation: 1970 populations, by census tract
b. Qualitative aspect: 2 ﬁéjbf SMSAs

2. Ordered batches are associated in a quantitative

manner--we can measure the relationshIp between the

batches in some unit. These will be considered in
future lectures.

I1I. How can we compare the batches? (5)
1; Minimum values--Which batch has the smallest minimum?
3. Maximum values--Which batch has the largest maximum?

3. Median values~-How do the typical values of the batches
compare? :

4. Spreads——thch batch has the smallest m1dspread°

Which has the largest?

5. Shape——Are the batches symmetr1c°

Do the batches have similar stem-and-leaf d15p1ays7

6. Units--Are the batches measured in the same units?

III. Is there a better unit of analysis?
1. Are the extremes roughly equal?

2. Do the batches have similar ranges?

IV. Examples
1. Population data (6)
a. Mintmums: 334 (Pittsburgh), 12 (Omaha, why so
small?)

226
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b. Maximums: 7910 (Pittsburgh), 12458 (Omaha)
c. Medians: 2602 (Pittsburgh), 3402 (Omaha)

d. Spreads (Midspreads): 2248 (Pittsburgh),
3051 (Omaha)

f. Omaha batch has larger range than Pittsburgh
g. Cannot compare shape

2. Achievements Pretest Scores for incoming students, (7)
by undergraduate studies

a. Minimum (21) and Maximum (48) equal

b. Medians: 31.5 engineering and science,

33 humanities and social science
c. Midspreads: 16 engineering, 13 humanities
d. Batches measured in number of correct answers
e. Batches appear quite similar

3. Life expectancies for various countries by 5 national (8)

groupings

Industrial (20 countries)
Petroleum Exporting Countries (9)

High-Income Countries (24)
Middle~Income Countries (19)

‘Lower-Income Countries (33)

a. Minimums, Maximums, Medians vary greatly

b. Midspreads vary roughly from 3 to 13 years

c. Batches appear quite dissimilar

V. Conclusion

1; Need methods of comparing batche

2. Need methods of determining whether transformation
is warranted

~ f{
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Topic 3. Introduction to the Notation of Unit 2
I. Conventions
1. Capital letter ("X") denotes entire data set (9)
2. First subscript (iij denotes specific batch
3. ge;ggd,sqbsc?ip; (Xij) denotes specific element in
a specific batch
II. Example: Life expectancies
1. Let X = Life expectancies for countries

2. Let ki = Life expectancies for Industrial countries

Life expectancies for Petroleum exporting

Xé = 7
countries
ks = Life expectancies for Lower-income countries
3. Let X;; = Life expectancy for Austraiia
*ié = Life expectancy for Austria
X5;33= Life expectancy fqr Zaire |
Let Xij = Life expectancy for country j in batch 1

XVI.1.176




Module I

. Lecture 2-0°
Transparency Presentation Guide

Lecture ) 7
Outline Transparency S

—Location Number Transparency Description Ep—
Topic I

Section I
l.a 1 Multiple Batch

1:b Non-ordered Batches
Section II

Topics for Unit 2

1.
Topic 2
Section I

1. 4 1970 populations of Pittsburgh

& Omaha
Section II
1. 5 Questions to be answered for
Multiple Batches

Section TV

1, 6 Populations, several vaiues
indicated A
2, 7 Achievement Pretest Scores
3. 8 Life Expectancies for Various
Countries
Topic 3

Section Ii
1. 9 Notation

22y
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Theee i3 no quantifiable ordzr:n;.o‘c‘“\c_La;cLls 23

when +he Co (&.éiéh s o ;8;7'(?4'.44

gzmgsin.i’ Ok Non-Ocdeced Multig le Bodches:

I ???5 pépaw:;,;,; of He ®SF censas tocts in
Hk;kujl« and the Q6 census +coctks v Omahoa.
2. Test ccoces of men and women in Hhis clase

Examples of Ordeced Mdbiple Batehes-
- (discussed in wnit 3)
t: Test scores §oc this year's and lact yeac's Quantitative.

Methods classes oa the €all Gnal

Quanti £isble L.’ qeac
2. Lc€£ araé@;a E’o'r cauo#eia witlh. GNP i}kaél
B0 billien and For coudrics with GNP Lelows F10 Lillion
Quantfiakle by GNP

Topies foe Unit 2. [5]

. Fecceiving and cecsgaizting multiple bateles nonordeced
Z.G‘Jé.iii:ﬁj +he batcles kiinj &«Jﬂ.’c 4ools
8. Gomparison of the batches
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1920 P gp&l&fld”t of the Ce nsds Tra
of Kb and Omubha.

ﬁ‘nibm'ak

-972. 4082, 1972, 39 . 631, 738,
3862, 2919 2424, 6887, _729, Jess.
2085 2973 ina. 2508, 1919, 3294
4187, 18580, 1€4s, 3629, 453, 1615,
1067, 13595, 2855, 1876, 2918 1405,
2471, 728 12058, 2382, 3122, 12813,
765, 2726, 21138, 1349, 3628 441s,
5747: 2135 133e 4730, 2542 3469,
2155, 4247 1e472, 3s32 1452, 3378.
1253, 2316, 3892 q06¢, 393s, 2602,
2744, 322s: 3769, 4858, 4814, 1645,
5269. 2979 5148. 3258, 3133; 452¢ .
5319, 5435, 1212, 284] 2088, 1577,
1521, 4615, 3993. 7918, Jisse, 4392:
1985, 5203, 484 ss8p 3962, 3752,
3156, 3s7s, 2398 1424, 382e. 2019,
4719 ; 3se9. §796. 5371. 5638. 376s.
996. 2687 2396. 1870 2574. -6083.
2297, 338, 6235 121 791. 1588,
2678. 1227, 1159 2579 569 -588.
333s. 2779, 345, 4327, 2987 2254,
1792. 2932, 2125, 185¢, 2328 1983,
31#3. 2487, 1193 3291 1044, 456] .
1289, 3853 ises 2857 aun 1399
3812. 2612, 1640 3921, _992; 1986.
6242, SE18 6527, 955, s3ee. 1289.
3297 3413 334!

€:20-1aﬁ1¢x
$524, S-12. J2ss. 3040. 2298, 3573,
TTIE 19%9. 2172, 2538, 2241, l4as.
-6%3, 1212, 2185 1566. 1709 24p8.
2648, 2542 3224 332, 3004, 2359,
Js2s. S488. 7581, 43%8. 2703, 311e.
2954. 550, 8476 3473. $457; 275§,
1326 1894. 3248. 2201, 3912, 2269.
$522. 8859 5173 4979 3q1e. 3197,
641q. $324. 5627 $782. 3471 3ssa.
3458 6139, -923: 6138, 9366 ; 6952
T 1245s, 5038 2466 €733, 4849
8954 9926. 7644, 5267, g38, 1833,
4105. 3114. 992 1728, 3269, 4347,
135, 4213. sess. 7566 é? 7356,
hd 39
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193s:
2437,
449
2447,
2388.
1418
3153,
4895,
1971,
848.
(X TR
6883,
2884
4758.
1884
1418,
7425
2658
1343
442
2569
_719,
Jées
2144
3425
2829 .

3142
720
3352
254e.
4602
2573
2912.
4379,
5972
1318,
. 7783,
11874
1528
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Population Data, severa! date values indicated.
[el
P-fﬁbt_«g, L
972, 4082. 1972 -391. 631. 21735 1938,
3062, 2919, 2424, 6887, 729. 3689. 2437.
2085 2973. 3”2, 2505. 1919. 3294. -449.
4187, 1052 1645, 3629 _453, 1645, 2447,
1867. 1359, 2855, 1876, 2915, 14P5. 2388.
2471 . -728. 1285. 2382. 3122. 1019. 141€.
_76s. 2776 2135. 1349. 3628, 4415; 3153,
5747. 2135. 1310 4730, 2942: 3469. 4095
2155. 4247, 1472: 3832, 1452, 3378, - 1971.
1253, 2316. 3892, 4069, 3945, 2622 med s4s.
2744, 3228. 3769. 4BSB; TITR 1645, 5300,
5269 2979. 5148, 3268, 3133. 4520. 6003,
5319. 5435, 1212, 2841, 2968, 15717. 20B4.
1521 . 4615 3994, 2412, Max 3188; 4392, 4758,
1985, 5203, -484; sg88e. 3962, 3752, 1884.
3156, 3578, 2398 1424, 3820. 2619. 1418,
4719. ises. €796, $371. 5638, 3765. 2425.
996 2687, 2396, 1870, 2574, _683: 2658,
2297, - 3138, 6235, 3121, 791 1558. 1343,
2678, 1227 1159. 2579 . 569. S88. . 442,
3338. 2179, -34S, 4327, 2987. 2254; 2569
1792, 2932. 2125; 1056, 232s. 1963: 719:
3103. 2487, 1193, 3291, 1043, 1561 . - 3609.
1289 - 3gs3, i90S 2857, 4437, 1399, 2144
ig12 2612. 1648, 3921, . 992; 1906, 3425,
6242 5818, 6527, 985S, s3ge. 1289. 2825
3297 3423, EI
-

Q——-'- .
5524 %ﬁdw 3z53. jede. 2298 3573. Jjl42
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| B 4
Achievement Pretast Stores for - Inmming
Students, by Undergrodusie Major

midspread

[16]

Eag'iﬁqrmj Homonbies
ond end
Suence s‘}‘i;(
Science
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Life Expectancies for Various Countries by S ahtiomal Groupings, 1950 [3]
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236

O

ERIC

Aruitoxt provided by Eic:

petroleut

1 Algetis

reuador
Indonesia
fran

trag_

Libya
Niqeria_
sasdis Arabia
venenzyela

Hiaher Income
Argertina
Brari!
Chile_ .
Colorhia
Costa Pica
D. Peoutlic
Greecr .
Guatcaala
Israel
Jamaica
Lehanan
valaysia
vaxicn
Nicaraguva
Panams
Peru-
singapore
spain
Tabwan
Trinidad

gzambia

62.2
(1
63,3
45.1
3.4
§7.9
9.1
49,9
1.5
64.7
NA
S6.¢
61.4
49.9
59.3
s3.1
61.6
69.¢€
68.@€
64,
Tinisia s1 %
68,6
67 °
43.5

middle-1ncome
polivia
Camecroon
Congo
fqypt
F1 Salvadot
Ghand
Honduras
ivory: Coast
Jordan
S. Rotes
Liberis
Marocco
pacus N,
Paraguay
philippines
Syria
Thailand
Turkey
S, Vietnaa

Guinea

49.7
1.0
11.9
52,7
8.5
7.1
43:)
Je.0
52.3
61.9
4.9
50.5
46.8
9.4
51.1
52.8
56.2
$3.17
50.0

Edﬁti-ih;bﬁe

Afgranigtan
nangladesh
BiiTma .
purundt
Canbocia

C; Mrica Rep.
Chad
pahomey
Ethiopia
Guiied
Hait1

india

KXenya

Laos
wadagascaf
Malawi
Mali:- ,
Mauritania

pakistan
Rwanda
cierta Leone
Somaliea

Sti Lanks
Tanzania
To490 -
Uganda

u. Voita

17.5
N
12.)
16 8
4.3
45
12,0
17.)
385
27.0
12,6
1.3
49.1
47.5
6.9
19.%
37.2
41.¢

S, A
-

S e, ® w6
B U BB T

e . ® 2 & s @

- A S \ad B (A B O e B
-
gy YV IRV R ]

DA 0D v =D YD AN

2



ﬁociuié I

Let X denote the entire data set
K= Life Erpectancies

Let X,z Life erpectancies for Tndustr ial Countrras
x z Zife espectancies for Ritroleum Lountvies

X";' Life iifécﬁﬁéo’is for Lowar Tncome Lountrie

Let Ry=Life expectamcy of Australia & P7. Tyears
Xﬂ 2Life 8xpecfancy of Austria = 0.5 gears
J§ - e Life c-rtch.t’ of U. S A = / igci ~s

Xiﬁcl,’k cuptthﬁcj of Qlgeria = 50 0. gear.

{

|

*“”: Life expecfancy of 2aire = 38.8 gear.
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Quantitative Methods for Public Management
Lecture 2-1. Comparison of Batches
Comparison of Batches: The use of Numeric and Graphic Methods for .
Comparison of Multiple Batches (1)

Lecturé Content:

1. Discuss extensions of Unit 1 tools for analyzing two or

more batches simultaneously
2. Show how these methods convey characteristics of the
collection of batches

Main Topics:
1. Comparing several batches of data

2. Effectiveness of these comparison tools

Tools Introduced:

1. Pparallel Stem-and-Leaf Display
Parallel échematic ?iot

239
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Module I

Topic 1. Comparing Several Batches of Data
I. Basic Issue: Comparison of data

1. We know how to organize and condense single batches
effectively

2. Often interesting data sets contain qualitatively
related multiple batches

3. Need techniques to examine them simultaneously

4. Need to organize the batches in a consistent,

reliable, and effective manner to facilitate

comparison and analysis

II. ??éﬁiéﬁi,,ﬁéﬁ,iﬁé tools of Unit 1 be used to analyze two

or more batches?

1. Develop simple rules for extending the elementary

techniques of previous unit

2; f%?égéggééiiﬁ analysis should be brganization of

the batches

3. Organization should be followed by a condensation
of information

4. Specific questions to be answered:

a. How do extremes of the batches compare?
b. Are the medians of the batches similar?
c. Are the midspreads of the batches equal?
d. How do the shapes of the batches compare?

5. Remember the batches must be non-ordered. Otdered
batches are discussed in Unit 3 where we concéntrate
on the relationship between the batches and the
appropriate ordered scale

II1. Solution: organization and condensation tools computed
in parallel

1. Parallel stem-and-leaf display

Xv1.1.187 © 2-{()
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2. Parallel schematic plot
IV. Methods
1. Parallel stem-and-leaf display: Organization tool

of the 1970 populations of Pittsburgh and Omaha
census tracts

a. Example shows a parallel stem-and-leaf display (2)

b. Features
i. Simple idea
ii. Same features as with single batch:
A. '"Face validity"
B. Retains information on individual data
values
C. Flexible
iii. Easy to construct
¢. Analytic Qualities
i. Extremes easily located
ii: Sfﬁumbéiréuﬁméfiéé found using depths for
each batch
iii. Shapes of batches
d. Procedure
i. Chéosé a convenient unit; one for all batches

together

ii. Separate every data value into a stem and a leaf
iii. Find smallest minimum and largest maximum for

the entire batch
iv: Write down the stems; one set for ali batches
v. For each batch; place leaves on correct stem

vi. Batches are separated in the dispiay, with
leaves placed in parallel groups

xvz;i.isse*ii
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‘e. Example: 1970 populations for Pittsburgh and Omaha
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ii. We take separate stem-and-leafs and put them
side by side, with common set of stems (2)

iii. Parallel displays shows:
A. Difference in shape
€. Omaha outiiers (11874; 12458)
iv. Square root transformation improves symmetry
of both batches (3)
f. Anothér éxample: Undergrad Cumulative Average for
most incoming masters students by undergraduate background
(Make parallel stem-and-leaf on board)
(Unit = 1)

HICUT; LOCUT; for each batch. Paste stems together
2. Parallel Schematic Plot: Graphical Condensation
a. é%gﬁpie; 1970 populations for Pittsburgh and N
Omaha (4)
b. Features
i. Useful in discussing appearance of batches

ii. Adequate comparison tool for nearly all
collections

iii. Computable from parallel stem-and-leaf
c. Analytic qualities
i. Made on ordinary graph paper

ii. yfaxis is common scale for all values in all
batches
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iii. Extréméé, hingés, and medians cieariy marked
d. ProCéaure

i. Determine smallest and largest values in data
set to make scale

ii. éomputé 5-number summaries

11i. Draw a simple schematic plots; one per batch,

in parallel, using common scale

e. Another example: Life expectancies for Eédﬁfries,(sj

classified as to their "wealth" (5)
1. Schematic shows differences in spread and  (7)
location

ii. Petroleum similar to middle income, but not
in midspread
iii. Downward trend evident

f. Schematic plots, in parallel, on computer:

Use function BOX with all data files as arguments
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Topic 2. Effectiveness of these Comparison Tools

I. Basic 18sué: once condensed into parallél schematic plot
how much can we learm about the batches ?
11. Try to answet:
1. Are there any outliers in the data set ?
2. How do the batches compare with respect to shape ?
3. 1Is there any obvious relation among the medians or

II. Methods
Parallel stem-and-leaf displays and schematic plots answer
these questions
(Present several other examples of unordered multiple

batches and discuss appearance of each)




_ Lecture 2-1
Transparency Presentation Guide

Lecture _
Out liﬁé Ttiﬁéﬁﬁféﬁcy )
Location Number Transparency Description
Beginning 1 Lecture 2-1 Outline
Topic 1
Section IV
l.a 2 Parailel stem-and-leaf of
populations
l.e.4i 2 Parallel stem-and-leaf of
populations
l.e.iv 3 Parallel stem-and-leaf of
square roots of populations
2.a 4 Parallel schematic.plot of
populations
2.f 5 Life expectancies for countries
2. 6 Parailei stem-and-leaf of life
expectancies
2.f.1 7 Parallel schematic plot of life
expectancies
245
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(] .
lecture 2-7

?5’7

The use of Numeric and Graphic
meMeds for comfcriﬁj batches .

Extensions of +he tools oF Umit 1 #o
fac'ltate the iﬁiisio‘j of $fwe or mmere
beatches iionaii-iﬁéa&ilj.

Comparing several batches
. Questions 4o ask of a baitch.

Y
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ectancias For Countries, i (s
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Quantitative Methods for Public Management
Lecture 2-2. Transformation for Stabilization of Spread
Transformations for Stabilization of Spread: The Use of Various .
Algebraic Transformations to Equalize Spread Among Batches (1)

Lecturé Content:

1. Discuss need for transformation
2. 1Introduce method of determining a good transformation

Main Topics:

1. Necessity of transforming a multiple batch

2. Usé of medians and midspreads in finding a good transformation

Tools Introduced:
1. ﬁédian/Midspread Plot
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Topic 1. ﬁéEEééit§ of Transforming a Multiple Batch

I,

Basic iésnéi Gomparfsbn of batches is difficult if batches

differ greatly in spread

1. We know transformations are helpful in changing the

shape of single batches

2, When more than 1 batch is being analyzed comparisons

are easier if batches are similar in spread

a. Ex_mgig* Parallel Schematic Plot of life expectancies

for nations

i. Difference in spreads in the 5. batches makes

conclusions concerning location difficult

ii. spféaaéfgggfgédgﬁii equal, except for industri-

alized nations

b. Example: Parallel Schematic of Infant Mortality

for nations
i téééfiaﬁé similar, spreads vary enormously
ii. 1If we baiance the spread, will locations still
be similar ?
c. Example: Parallel Schematic of Per capita Income
for nations

Noté relationship between location and spread
3. 1If comparisons of location are to be made; task is
easier if spreads are equalized
4, We transform batches to equaiiie or '"balance' the spréaa

isunnecessary, merely "line up" plots so that medians
are equa], and compare spreads

is due solely to locat1on, and how much is due just to
difference in spread ?

(2)

(3)

%)
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11,

Prbbiém; ﬁént outiscﬁémétic pibts to tell their story as
clearly and simply as they can

1. Symmetry of spread within batches is helpful for
summarizing single batches .

2. Balance of spread bétween batches is essential for
comparisons

éoiﬁtidn: ,éﬁdoSé transformation to achieve equaiization
in spread
1. The transformation will usually promote symmetry within
batches
2. As with transformations for symmetry, the search for a
good transformation is exploratory, and even the best
transformation may fail to equalize spread completely.

o
i
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Topic 2. Use of Medians and Midspreads in Finding a Good Transformation

I Basic Issue: How do we find the best transformation ?
1. We understand that transformation may bé essential in
comparing batches 7
2. Since transformation affects the relationship between
the medians and the midspreads of the batches, how do
we use these values to find the best transformation ?
II. Problem: How do we let the medians and midspreads tell us
the correct transformation
1. We are searching for a consistent relation between
medians and midspreads
2. The best way to study the relationship of the medians
and midspreads is with a scatterplot
3. Could line up schematics, but a scatterplot is more clear
4. Best to look at a scatterplot of log (Median) versus
log (Midspread); one ordered pair per batch
S. A linear scatter implies transformation is necessary
III. Solution: Examine slope of the Iééiﬂéaiéﬁ) vs. log(Midspread)
scatterplot
1. Suppose scatterplot was close to linear with an "eyeball"
slope of p B
Correct exponent for the transformation Y = XR is r = (1-p)

2.
3. Slope t2lls how far down the "ladder of powers" to move
4. Slope »f: 1 = logs (i.e.; 1l-p = 0) )

2 = negative reciprocals (1-p = -1)
172 = square roots (l-p = (1/2))
0 = no transformation (1-p = 1)
-1 = squares (1-p = 2)
Iv. Method: Log uic.lian) / Log (Midspread) Plot
‘. Example: Lo; median / Log midspread plot for Per capita

incomes of -~ouitries

R57
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Features

a.

Useful in determining a good transformation to compare

batches

Séatterplot made from 5-number summaries of the

batches

Relationship of +'. - . - '*dians and log midspreads
determine the co 1€tt, r, for the transformation

Analytic Qualities

a. Slope of the .-ati .. defermines r

b. Relationship bécween r and slope; p;, is r = (1-p)

c. Ragggwfscatter \p 0) implies no transformation
necessary

d: Plot made on ordinary graph paper

e. ificg}lectlon has fewer than & batches m:y not have
enough points to determine slope

f. toggggqggn) Vs Log(midéxtreme) (ggigtbgr measures
of spread) plot may be used to determine transformation

g: For ”weil -behaved" batches log(mean)v§7”;gg(standard
deviation) is acceptable - neote that standardizing
obscures differences in level

Procedure

a. Campute 5-number summaries for the batches and find
midspreads (5)

b. Compute the logarithms of the medians and midspreads

c. On a ﬁié&éigfrordinary graph paper, ploti;gggmgdian)
as x and log(midspread)} as Y; one point for each (6)
batch; or use log-log paper and plot median vs,
midspread directly

d. Find a slope by choosing two repréSentattgg points,

right end of scatter s
(XR XL) = ;;é\
3

AVI.1.204
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€. 1f preferred, an "eyeball slope" may be used--a
slope fit to the data by éye
f. Corréct exponent of transformation, r, is (1-p)
g. With new exponent, find transformation of 5-number
summaries
h. Make new schematic plot of transformed data to
compare batches (7)
5. Anothér example: Percentage of Individual Tax Returns
audited in Fiscal 1974, by state
a. & regions in the U.S. (8)
b. Parallel stem-and-leaf shows slight difference in
spread
c. Log(median) vs. log(midspreéad) plut indicates
r = -52/3, a strange transformation
d. Best left in original unit
6. Aﬁoghe; éxémgie: ?ércentégé of popuiétion illiterate
in 1960 by state
a. Same &4 regions used (9)
b. Parallel displays show differences in both location
and spread

c. Plot has slope of -0.60. 1 - (-0.60) = 1.6, about

2, Try squares
d. Schematic transformed data shows equalization of
spread (except for Atlantic) (10)
7. Another example: Percentage of population illiterate
in 1960, by state (11)
a: Batches differ greatly in spread
b. Unable to determine siope; is it 1 or 3 2

c. Try both -1/ (X%), and logs
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8.

d. Negative reciprocals squares fail miserably Q2)
e. Logs quite good (13)

Log Median/Log Midspread plots constructed on computer:
a. Use SUMMARY to obtain Medians and Midspreads

b. Input these into 2 separate files

c. Take logs with REEX

d. Plot with PLOT

261
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Lecture 2- 2 .
Transparency Presentation Guide

Lecture

Outline Tran3parency S

Location = Number ~ Transparency Description

Beginning 1 Lecture 2-2 Outline

Topic 1

Section I

2.a 2 Piaggllje;?sghematic Plot of
Life Expectancies

2.b 3 Parallel Schematic Plot of
Infant Mdftélity

2,c 4 Parallel Schematic Plot of
Per capita Incomes

Topic 2 ’

Section IV

6;5 5 5 number summaries of Per capita
Incomes

4;c 6 Log Median vs Log Midspread and
Eyeball Slope for Per capita Incomes

&b 7 Paga}}g}fgchematlc Plot of Logs of
Per capita Incomes

5. 8 ' Percentag9< of Individual Tax Re-
turns Aud. zed by State in 1974

6. 9 Percent iiliterate by State, 1960

.4 10 Parallel Schematic Plot of Squares
of # Illiterate, 1960

7. 11 Percent Illiterate by State, 1900

7.d 12 Parallel Schematic plot of
Negative Reciprocals

7.e 13 Parallel schematic plot of LOGS
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Transformations for Stabilication of Spread:

The use of varieus eigebraic Framsfermetions

to egualice spread ameng batches.

Lecture [Lomient

| o 7 of "'*lfmin,',,g
@ 8ol transformation for bateh

1. ﬁiceisifs of %qai'iofﬁ:‘ig a ﬁ&iﬁ?ﬁii
2. Use of medians and m,d-spreads o

find #ramsfermations.
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ﬁé-fﬁpifa Incomes for Lountries [5]
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[e]

Loy Median vs. Loy Midspread for Per Capita Tncomes
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tfake Zogs
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Purailel Schematic Plots for Sguares of
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Zliberacy of the Popuiation, Percentuges by State 1200
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Module I

Homéwork
Unit 2
1. These data are from a study designed to determine whether

varying the reéport of the results of a controversial psychological
study can influence judgements about che ethics of the research.

Three _groups of subjects (high school teachers) read
surmaries of the Milgram (1963) obedience study [Milgram, S

“Behavioral Study of Obedience', Journal of Abnormal and Social

Psychology; Vol. 7, 371 378]. These summaries were. identical except

for the reporting of the reSultS. One group of teachers read

the &actual results of the Milgram study (Autuai Results group):

One group read that nearly all of Milgrar's subjects delivered the

hlghest shock ava11ab1e to the confederate (Manyrcomply group)

A third grodp read that nearly all of Milgram's subjects refused

to deliver the highest shock to the confederate (Many Refuse group).

After reading the report, the teachers answered a number of
questions. Among these questions, there was a seven point scale
on which the teachers were asked to rate the ethics of the study.
(The higher the rating, the more ethical the study was believed

to be).

) Compare the three groups and summarize the differences among
them.

THE DATA:

Actual Results: 6, 1, 7, 2, 7, 1, 7, 3, 4, 1, 1; 1, 6

Many Comply: 3, 1; 3; 7; 6; 7; 4; 3, 1; 1; 2, 5; 5
Many Refuse: s, 7,7,7,6,6,6,6,7,2,6,3,6
0

Y

xvi.1.221



£;\1P#H

2. An experiment on nipples for baby bottles compared

different nipple designs--the conventional one having a medium
circular hole and a new one having a terminal slot .11 inches
long. A special bottle permitted an unrestricted flow of milk,
and the new nipple was positioned horizontally and vertically to
determine the effect of orientation. For 24 babies, the volume

(in milliliters per suck) was as follows:

Medium Siot siot
Hole Vertical Horizontal
0,81 1.33 0.92
050 2,10 0.78
0.78 1.50 1.20
0.43 1.60 1.00
0.50 1.70 0.e”
0.71 2.60 WA
0.71 1.2t 6:80
0.34 1.35 0.r¢

(a) Compcré these batches with parallel schematic plots,

(b) Transform the batches to stabilize the spread oi the values.

3. Suppose we collect measurements of FEV (Forced Expiratory
Volume) from individuals that work at the same factory and

are of the same. age, sex, and height. FEV is a measure of
pulmonary function. We subdivide these individuals by

smoking status into the groups: A=never a smoker; B= exsmoker;
c= present smoker, currently smoking less than two packs per
déy,,ﬁé present smoker, currently smoking at least two packs
per day.

224, 202, 262, 225
180, 195, 202, 175

(o Rlo N+
N
W
N
N
QW
o
N
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Module 1

When the trial of Dr. Benjamxn Spock and his assoctates

began in 1968; the defense challenged the list of prospective
jurors becarse only 9% were women, A more detailed examination
of jury veonires in the U. S. District Court for the District

of Massichusetts revealed that in venires summoned for trials

before th¢ six colleagues or the trial judge between & April

1966 and 22, October 1968, the percentages of women were

Judge A: 40, 30, 16, 35, 50

sdge B: 36, 32, 32, 27, 29, 45

Judge C: 34, 30, 32, 29, 24, 28, 20, 35
Judge D: 24, 30

Judgeé £ jj, 36; 28, 20, 18, 22, 4:°

Judge F: 22, 21, 31, 27, 17, 29, 26, 29, 34

While those for the trial judge we:e:

Trial Judge: 16, 18, 14, 6, 18, 15, 9, 24

(a) Camparc these batches of perceritages both numerfcally

and graphically.
(b) Combine Judges A-F into one b~tch and compare the

trial judge with it.

(c) Which comparison is most effect.ve ? why ?

Four groups of students were Subjected to dlfferent teaching

techniques and tested at the end of a specified period of

time. Their scores are shown below

Techniques
12 3 4
65 75 59 9%
87 69 78 89
73 83 67 80
79 81 62 88

éompare batches (transformation ir)uggeccessary) to determine

T . . Ly PUBRS T -_L .t ... Ary¥rLD. ..
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6. The stem-and=leaf display below gives th: perceritage of
families in ezch Mzahattan police precinct where combined
income in 1970 was less than $4,000. (Data from New York
Times, March 30, 1973)

(a) Write down the five number summary for these data, and
calculate

S = 3/4 * M{aspread

(b) What evidence (if;any>,1s there In your answer to (a)

that this batch could be mace more symmetric by
transformation.

(c) The lower hinge, meaian; and - rper  inge for precincts
in the Bronx, Brookiyn;, Que i, :1 S«aten Island are
given below, Combine these dzta with Lhat from

Marhattan to find a transformation that would equalize

the variability in the five batches.

Percent “amilies with Income < $4,000

Manhattan 0f 56 79
Unit = 1| 022455679
10% 2| 03677
3/ 15
Numbér of Lower : Upper
Précincts Hinge Median Hinge
Bronx 11 11-172 17 30
B}éék;yn 23 12-1/2 19 24-1/2
Queens 14 6 9 11
Staten Island 3 5 6 8
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Homework Unit 2
Solutions

1- Letter Valuc -isplays

Many Refuse (C)

#13 Actuzl (A 413 Many Comply (B)  , 3

M7 M7 3 7 6

He |1 6 |5 wu4 |2 53 R4 | 6 7
E 1 7 E 1 7 E |2 7

Schematic Plots

ﬂ

)

t

I

ti

!

1
!
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£
[
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©

g =l

27
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For the group that read the actual results, there were a wide
range of opinions, some thought it was ethical, and others thought
that it was not.

. For those who were told that many complied, opinions still
were 9p11t but more people rated the experiment with middle values
\3 s, 4's, and 5°' s) inditating that they questioned Oor were uncertain
about the ethics of the experiment.

The most interesting result was for the group that was told that
most people refused to administer the shock: Almost all of this
groop felt ti.n: the experiment was very ethical:

Thus, .as Iong as partic1pents refuse to administer a shock, the

‘eachers . feit the experiment was ethical; but when some were told
that shocks were administered, they began to question and disapprove

of the experiment.

vYUT T 2724
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2. Letter Value Displays
. 8. o #7.
Mé4h [ .61 Méh 1.6 M4 .88

H2h [. 47 :75(.28 H2h 1.3 1.9 |.6 H2h| 79 196 | .17

.65 1.2

Horizonta! Slot

oy

.34 .81 E 1.2 2.1
Médium ﬁoié Vérticai Siot

E

A) Parallel Schematic Plots

2.0 4 T

1.5 4

Vértical [

1.0~ Slet

1

ﬁorizdntai
Slot

Medium
Hole

251
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B. Mid Summaries

_ Median 61 1.6 .88
_ Midhinge -61 1:6 -875
Midextreme .57 1.65 .925

~ Fvom the parallel schematic plots and the midsummaries we

can scv that no transformation is called for.

€learly, the nipples with a terminal slot are better, with

a vertical orientation being the best.

étter Value Disp.ays

A i B
#a L e
M2h 268 | M 239 |
Hlh [250 275 Hlh {221 246 |15
E {200 290 E {230 246
c B D
e i o
M2h 225 M2h 188
H1h|213 244 [31 Hlh [178 199 | 21
E (202 262 E 175 202
2850
(D
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Parallel Schematic Plots

275 4- ——
§
e
250 |
P:N“i
; Lo

25 L B —

175 | .

. There appears to be a definite difference between the non-

smokers; ex-smokers, less than two pack smokers, and at leas: two
Pack smokers. The more one smokes, the lowes the F.E:V. However,
before you could say much about houw of a diffeérence theve is, more

data should be obtained. Four observations is not enough.
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4. Sort
A B £ D E E X
16 27 20 24 18 17 6
30 29 24 30 20 21 9
35 32 28 22 22 1%
40 32 29 28 26 15
50 36 30 33 27 16
45 32 36 29 18
34 40 29 18
35 31 24
34
Nunerical compariséﬁ
win fdx range
A: median = 35 16 50 34
B: median = 32 27 45 : 18
C: median = 29.5 20 35 15
D: median = 27 24 30 6
E: median = 28 18 40 22
F: median = 27 17 34 17
T: median = 15.5 6 24 18
Stem-and-Leaf Displays Judges A-F combined
1% unit = 1}
- | 678 < . o
24 | 0012264 nee
c | 6778899 L e— —
3% | 0001222344 M 18 , 29 )
- | 3566 H 9 24 34
4% | 00 E 1 16 50
- 15
54 ] 0

outside value - 50
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Stem-cad~Lez i all judges A-F&T

0*

ot 69

1* L

i 566788

2% 00122444

2- 677889999

3% 0001222344

3 5566

4* 00

4+ 5

S%* 0
n = 45
median 23 , 28
hinge 12 20 32
extreme 1 6 50

While the individual comparison of each judge with the trial judge
shows that the trial judge's typical percentagé of women was lower
than the other judges, I think the larger group comparison is more
valid. This is because of the total numbers involved.

The -omparison of the two boxplots clearly shows that about 75%
the combined group of judges. It also shows that even when the..
greatest percengage of women were in the trial judg~'s venir», 75
percent of the combined grouping had more women.

Both comparisons raise questions concerning how juries are
chosen, since mose of the venires had less than 407 women.
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65 69 39 80
73 75 62 88
79 81 67 89
87 83 78 9%

median min max range
76 65 87 353
78 69 83 14
64. 59 78 19
88. 0 o4 9

LD N
W

(o]

o

oo =+

G0 + ]

I
{
§i

g0 5 - -l

GT ._l 259
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6. n =20
(a) M10m | 15.5
ek 26.5
35

§ = 3/4 (24.5-11) = 3/4 (13.5) = 10.125

. Bronmz Brooklyn Queens States Is. Manhattan
UH 30 24h 11 24,5
Median 17 19 9 15:5
LH 11h 12h 11

N O
v ON QO

Midspread 18.5 12
Midhinge 20.75 18.5

|

I
[e <MW, TN

w
[« YR EV]
s
W
¥, ]

(b) midhinge # midextremes # median # mean
17.75 # 20 # 15.5 # 17.3

batch doesn't trail off at both extremes; So it might be made

more symmetric--however the ratio of maximum to minimum value

is less than 20 which would seem to _indicate. that transforma-

tion might not help: Also, thcugh there were differences in

the different measures of typical value, they are not very
large differences.

(c) Transformation to equalize variability in the batches--negative
reciprocal square root of ki.

Bronx Brooklyn Queens Staten Is. Manhattan

-:18 ~.20 -.30 -.35 -.20 UH
24 =23 -.33 -.41 -:25  Median
-.29 -.28 ~-.41 -.45 -.30 LH
11 .08 11 10 .10 Midspread
251)
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duiz; Unit 2

WRITE Al.. ANSWERS ON A CLEAN SHEET OF PAPER

iirtui; Answer the following questions briefly and generally.
1. What i< a. >rdered multiple batch ?

2. How do we best compare a collection of related single batches ?
3. Why would we consider a transformation of a multiple batch ?

4. How do we determine the "best' transformation for a muitiple
batch ?

5. If a multiple batch consisted of 2 well-behaved batches, and
it was determined that a transformation was necessary; what
statistics of the batchés would we use to find the ''best”
transformation ?

Pare 11,
1. Given below is a data set of median annual incomes of

ndividuals with doctorates employed in education (academia),
government; and industry in 1964. ;

s
jrea of Education Government  Industry
DQE;Qrate

Agriculture $11,100 §11,500 $12,000
Biology 10,500 11,900 14,000

Earth Sciences 9,900 ii;?bb 13;590
Mathematics 10;300 15,100 17,000
Chemistry 10,000 12,700 14,000
Physics ; 11,000 13,800 16,000
Psychology 10,000 11,500 15,900

XV1.1.236
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Using the information on the batches given below; determine the

best transformation for the batches: You need not carry out the
transformation.
Eaﬁiaiiéﬁ Goverpment Eﬁaﬁééfi
E $ 9,900 $11,500 $12,000
H 10,000 11,600 13,750
M 10, 300 11,900 14.000
H 10,750 13,200 15,950
E 11,100 15,100 17,000
midspread 750 1,600 2,200
log H 4.00 4.06 4.14
log M 4.01 4.08 4.15
log H 4.03 4,12 4,20
iog midspread  2.88 3.20 3.34

2. On the next page is a detail, or small section of, a display
given in the book Profiles in School Support, 1969-1970.

A. Briefly discuss the Gaﬁai9tié“ features of the display:

each box mean, etc., as explained in the aforementioned
book.

B. Compare the 4 states among themselves.

C. Compare each state separately with the United States.

XVI.1.237
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Module 1

Unit 2 Quiz
Solutions
ONE
An unordered multiple batch is a set of batches which have

each been collected in a consistent manner,,containing
similar values having a non-quantitative relationship to
one another,

We can best campare related stngle batches through the use

of parallel stem-and-leaf diagrams and parallel schematic

plots., We can also use the five number summaries. But we

must be cautious to control spread via a transformation if

necessary,

Transformation in a multiple batch is used to equalize the

spread and remove a possible. consistent relationship between

spread and typical value in the batches.

The method for finding the "best" transformation ccnsxsts

of taking the. logarithm of the median. and ﬁidspread (some-

times the A between the extremes) of each batch and .then

plotting these as points in an x-y (logM, LogpaH) plane. A

line is drawn to approximately fit these points with slope =

p.. The best transformation for the data will be found by

subtracting p from one and raising (or lowering) the original

data by a power equal to that difference.
t.e. X XR where R = 1 - P

The mean and the standard deviation

I TWG

The slope of possible lines to fit those points vary from

-2 to -3. This indicates that transformations could

range on the ladder of powers from R = -1 to R = -2 (negative
reciprocals or negative reciprocals of the square root.)

Take (x7;y;) = (4:01; 2.88); (x5;y,) = (4.15, 3.34)

Y31 _ 3.34-2.88 _ 46 _ ; .o I
- - = R = 1-3 = -2
xyoxy | 6.15-6.01 = 21 3.29 ' .

295

vu¥-T-9130



QMPM

log midspread

3.30

3.20

3.C4

+ol H.05 4.0 9,15
Y.cc
7572-2:;”77 _ ;7 — - R o )
Z;éé-ézgg = ;éS = 3.2 approximately 3

4.3¢
Log median

slope =

R = iiﬁ = 1=3 = =2

transformation: negative reciprocal of the square "25

236
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A. Thése styles represent boxplots but they are not exactly
as we have defined them. The solid line extends from the 2nd
per'centile to thé 98th percentile. 'rhe o'uter edges of the
75th pereent11es. The middle line,in the box is the level

of expen'ditu'ree at the 50th percentile.

Therefore, the SOth percent11e is very similar to a median
in that half of the observations are found on either side of

it So the internal box is like a boxplot but the whiskers
are not,

B. No consistent ircrease in spread with typical value.
Distributions quite asymmetric. Nonetheless, seems to be a

c*2ar trend of increasing typical value,

C. New York New Jersey and Connecticut a11 have greater
Sﬁth percentile expendltures Pennsylvania exPends more in
s1ightly over 1/2 of that state's classrooms than the 50
vercent of the nation as a whole. One rather interesting
“hing to note is that some percentage (2<x<25) of New York's
classrooms expend more than 98% of the mational number of
tlassrooms.

The distance from the 25th percentite to the 75th

percentile is greater for the nationai figure than for any
of the state figures. New York is very different from the

Nation, New Jersey and Conmecticut are too, with Pennsylvanla
most similar,

297
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Some Principles of Graphics for Tables and Charts

___ This brief handout. d1scusses some ideas on the effective use of

graphics in technical papers and presentations Some of these princi—

ples are due to Edward Tufte, whose lecture on 23 Apr11 1976, given

to the Statistics Department at Harvard University, is the basis for

this discussion:
We will discuss the 7 principles:
1) Less is more
2) The 3 purposes of graphics for communications
3) Smail multiples are useful
4) Think about page arrangement

S) Integrate text and graphxcs
6) Three-dimensional é?éﬁﬁiéé are speciatl
7) Graphics should have ''rough aféfté

These prinCIples w111 be 1ntroduced by means of various examples of

graph1cs taksn from many sources; . Inciudlng The Wall Street Journal,

The New Yorker and Scientific American: The principles are partly

subjective--what we think constitutes a good grzphic. may not agree

with _.your. conception. of a good display. _After all, -graphics aro

visual and works of art; there is a subjective aspect to their.

appreciation: However; we believe that these pr1nc1p4es are sound

and can turn bad disptays into good ones, if they are followed:

Principle 1: Less is More
. Never try to crowd too much information into a display. Two

or three graphics are much easier_on the eye than one graphic. 1If

you feel that the display under developmént contains too much infor-

mation and might overload your readers' circuits, make two or three

displays from the original. Or, if you strive for simplicity, merely

take the most important features from the original display and discard

the remainder:. Remember; graphics must be interpretable by the average

fellow:. A reader should not spend the majority of his/her time trying

to decipher the tables and charts contained within your paper.

295
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Figure 1 is a histogram, where the bars are broken into various
components of personal expenditures, by percentages. There is just
the right amount of information in this display. Any_ additional bars,

or additional categories of expenditures would make this display un-
interpretable. In contrast, we present Figure 2, a bar chart, with

~ the_same consStruction as the histogram in Figure 1. The wild plaids
of 1ines in the bars of the display make it difficult to read. There
are too many cities included here: Can you find additional dis-.
agreeable features.

Figure 3 is an example of a bar chart, a display similar to a

histogram, but with a horizontal axis referring to various charac-
teristics about the data set: The axis does not have a scale as

with a histogram. This bar chart is difficult to examine because

of the curved bars, although it may be pleasing to the advertising
firm that constructed it: The moral of the figure is: Do not

try to make your display too ornate if this excessiveness detracts
from its comprehension:

.~ We have included 2 other displays from The Wall Street Journal
that are quite good. Figures 4 and 5 are both bar charts that are
pleasing because of their simplicity, and their effectiveness in
conveying their message. Notice, however, that the border around
Figure 5 is unnecessary--the arrow is catchy, but the numbers should
speak for themselves.

299
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: Medical care

Figure 1

Expenditures as a percent of disposable
personsl income
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rtgure 3 -

Aglobal viewof Beecham
lielps to accg;ldnt for13 years Gf

its

ECCCth}:S an mtem;nonul ?ﬂ&m\ So what are the highlights of 1975/76°
Not only have its trading profits been Mo oo C il i
mcre;mz\g wnm@@;‘fg, 13years Just # World-widesales £1.011 4million Lipby
as important. the number of countries in $232 4 millions or29.8 percent. on 1974/75
which these profits are eamed has been, # Trading profit. $196 2million Upby
increasing at the same time Last vear the $53 9million, or 44 1 per cent. on 1974/75
largest share earned in any one country - MR A
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Graphic displays, as a substitute for oral or textual communica-

tion have 3 purposes: exploration, reconstruction, and decoration.
Displays should be truthful and not misleading--see How to Lie With
Statistics by Darrell Huff for some very.''dishonest" graphics. Graphic
tools should attempt to reconstruct reality and allow the reader to

explore more fully the underlying situation in addition to decorating
otherwise "dull" presentations.

. Figure 6 is an example of .a blot.map, occasionally a very
deceptive graphic device. In a blot map, we darken all counties or
states that possess a certain characteristic. The blot map repro-
diiced hére was taken from The New York Times; and presents all the

counties with 15 percent or more positive net migration of persons

60 years and older between 1960 and 1970. These 206 counties are
supposedly the fastest growing retirement communities. The encircled
counties in California, Arizona, Nevada, Utah, and Wyoming, listed at

the bottom, include 40% of the shaded-in area on the map: however,

only C.14% of the people over 60 years live in these counties! The
title of the article "More Elderly are Retiring in the North", is.

not at all verified by this map. One draws the incorrect conclusion
that the Southwest U.S: is more popular than the remainder of the
country, with the possible exception of the retirement haven, Florida.
Thé moral is: Blot maps based on counties are misleading because of

the large number of empty counties.

We also include arﬁéf§”§6§87§§$§13y, Figure 7, taken from

Scientific American; which very effectively communicates information
about nuclear devices. '

Prificiple 3: Small Multiples are useful

Graphic displays can be quite small. Many small displays,
arranged on. a page, can be quite effective in communicating your 7
message. Figure 8 shows a 12 x 5 array of histograms presented in a
good manner.

o In a humorous vein, Figure 9 is _an example of multivariate
"faces", developed by Herman Chernoff. These small figures are

used to differentiate observations from a larger population when.
more.than one measurement on each observation is available. 1In a

faces display each physical feature of a face is controlled by the
valie of a measurement: This is quite different from a display. . .
which puts faces on figures simply to portray the author's feelings

about displayed values (see the light bulb example in the section
"principle 5").

30
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Figure 7
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Module

Principle 4: Think about Page Arrangement

When preparing graphics for publication, or written presenféfién,
it is worth spending several minutes considering the arrangement of
your displays on the printed page. 'I'he following display nicely
summarizes the fourth principle of good graphics.

T HINK
| AHE A

(Figure 10 is an example of a cute blunder from The New York Times:)

Figure 10

P T

Correctxon -
In last weck's Review, @ drawmg

: of the {inback whale appeared this

this way:

The Review regrels the error.
Whales, however, do spend just

about as. much ol thelr hmc w v.m-

New York Times, July 6 1975,

¥vi.1.253
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Principle 5: Integrate Text and Graphics

. Modern production of printed material has forced written text
and graphics to become divorced from each other. The placement of

all figures and tables at the end of the paper with wonderful
Znnouncements such as

- ——— o T o - D G Y A D G P S S SO G VD BN VD e VD G A e G g O TR S I e G S G A S A

does not aid thé confused reader. Having Vtorierafjﬁifénéﬁiéijréﬁfii}é
paper to find a figure essential to the development of a hypothesis

can be quite detrimental. Why do figures and tables have to be.
alienated from the text? This example from The New Yorker shows
good integration.

ProFns

Over the past fificen years our
profits have increased by a midese 75

million dollars. The diagram below

depicts, from Jeft 1o right; three light
bulbs of steadily increasing size.

OR
[Ty
[N
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Principle 6: Three-Dimensional Graphics

) Graphics dre in essence two-~-dimensiofial beasts Fince they must

be reproducible on the printed page. However, as Figures 1l and 12
verify, graphics can be drawn as two~dimerisional adpproximations to

three-dimensional figures. The thing to remember, and we can label
this Principle 6a, is: Professional artists can help by making good
drawings, especially figures that are not easily drawn by hand.

~_ But be careful! Figure 13 is a poor example. In this figure,
ordinary histograms have uselessly been made three-dimensional.
This is also a poor example of a histogram. One must ask whether
it really is a histogram.

Principle 7: Rough Drafts

This principle is simply stated: Prodiice as many drafts of
your graphic displays as you do of your text. Throiughout this
discussion we have eguated graphics with the written word; con- -
sequently, it is to your advantage to polish your figures and tables
as you polish your text.
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Figure 12

Swong  Weak Wiak Sﬁéni"ir
Democrat - _Independent - Republéin
1958 Party i3entil€aton

Figure $-3a 1960 presidential vote by pany Wentifestion (1958 and by religious
idemtibcation (1960). )

i | o
- 100%
AN "%
3 _ . ,7’7 _
gwb?.' iy 0%
§7ss S ~ ——{5%
F 3 \ _ .
z . ] _ |
& 50% C . = S"‘
\C \, L / &
f f f 7% 5
E NG iy ¢ -4
255 N _ _ -
E . Y -y . - ,7 7, 7‘;
- - - - . - g ‘(‘
[ I—— .,,f.'*
© SUonp  Wean ___ __ wea Stong €
Demo:rat Independent  Republcan

1958 Party identifcation
Figure 625. 1956 previdential vote by party identiGation (1958) sak by religious
Heniifation (1960).
Source: Philip E, Convcrse; “Religion and Politics: The 1960 Election,” in
Ang\ii Eimpséii; l;hilip é; éoiiverse; ﬁlri’én ;2; ﬁiii'er, and Donald E. Stokcs,

Elcctions and the Political Order (New York: Wiliy, 1966); pp. 102-103,

ERIC

Aruitoxt provided by Eic:



QMPM

Figuire 13
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Module II

Introduction to Module II

Overview
Module II of the Quantitative Methods for Public Management
package provides students with experience in handling complicated

the development of analytically oriented Eéﬁégéiiéi skills. Two
kinds of skills are emphasized: performance and criticism: The
module contains two units, numbers 3 and 4. Unit 3, y versus one
X, introduces the student to modeling a relationship between two
varisbles: a carrier variable, X, and a response variable; y.
The general strategy 18 to use a linear model of the relationship
and explore the utility of various transformations on X or y or
both in improving the fit of a linear model. Fitting; modeling;,
finding equations for data, and evaluating a fit are all specific
technical skills taught in this unit. Some simple procedures
are introduced for determining a good transformation and for fitting
a line to transformed data. All procedures can be performed with-
put the aid of a computer. '

Unit &, the second unit in Module II, introduces the student

to modeling relationships between one response variable, y, and
miltiple carrier variables, ii' Transformations to improve the
reasonableness of a linear model are again stressed. Im this unit

the fitting téchniQué is least squares regression, and the student

WIIL1g55,

~




QI

teceives an éxtensive exposure to the mathematical principles of
of the least squares fitting procedure as well as numercus examples
of applications with special emphasis on the pitfalls and dangers
of simple, mechanical application of regression analysis to
miltivariate data.

Specific Objectives

Unit 3

Upon successful completion of unit 3 a student: will be able
to perform gfiﬁﬁicéi analyses of multiple ordered batches of
quantitative data, summarize these batches using the notions of a
conditional typicalvalue, construct scatterplots of X,y data sets
in which X and y are quantitative variables, use a line fitted
through the conditional typicals to model an X,y data set; use
of X and/or v to improve the linearity of a fitted model for the
data, and analyze X,y data in which X is a variable indicating time.
The critical skills a student will obtain include the ability to
evaliuate how well typical conditionals summarize batches, évaiuate_
the ability of a linear fit to summarize a X;y data set, evaluate
the comparative advantage of least squares versus other fitting
procedures, evaluate the need for a transformation, and evaluate
the need for smoothing of a data set in preparation for an analysis

of time series data.
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Unit &

Upon successful completion of Unit &4 a student will be able
to comstruct a model for continuous multivariate data using the
least squares procedure, find transformations that improve a least
squares fit, interpret coefficient values in a regression model,
use indicator variables and splines in model construction, perform
inference on coefficients, perform regression analyses on a
computer and by hand, and evaluate a fitted model:

In this unit theé critical skills the student will learn center
around comprehension of the effectiveness of the least squares
procedure as a fitting technique and the problems that arise when
fionlinearity is present, when overfitting occurs, when residuals
are not normally distributed, and when carrier variablesare collinear.
Students will be able to evaluate the appropriateness of ’us’iﬁé' the
Jeast squares fitting procedure for specific data sets and be able
to determine whether results are due to 'réiétioiiéi'aipb in the data

in quantitative policy studies; the "doing" and "criticizing"

skills learned in Module II will be very important to the practitioner.



. Unit 3
Reading Assignments

Lecture iésdii:ig:
3-0 Prerequisite Inventory
3-1 ' Tukey ; Chapter 5
322 Tufte, DAPR, Chapter 1
Workshop ""Graphics for Scatterplots”
3-3 MeNeil, Chapter 3
Tufte, DAPP, pp. 65-108
Tukey, Chapter 6
3-4 | HeNeil, Chapter 6

Tukey, Chapter 7
In addition, read the following articles in Tanur et &l;:
pp.  120-129
153-161
195-202
354-361
and the following articles in Tufte, QASP:
pp. 37-67
113-125
Texts:
McNeil, Donald R., ateractive Data Analysis, New York: Jobn Wiley

& Soms; 1977.

Tanur, Judith; et al., editors; Statistics: A Guide to the Unknown,
San Francisco: Holden-Day, 1972.

_and Policy; Englewood

Tufte, Bdward R., Data Analysis for Politics
Cliffs, N.J.: Prentice-Hall, Inc., 1974.

Tufte, Edward R., editor, fﬁg,eaaﬁtigativégknai”sii;6E7§66i51,2tobiems,
Reading; Massachusetts: Addison-Wesley Publishing Co.., 1970.

Tukey, John W., Exploratory Data Analysis, Reading, Massachusetts:
Addison-Wesiey, 1977.
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Module II

iréréquiéicé invéntory
Unit 3

Unit 3 of Module 1 focuses on the analysis of ordered multiple
batches and paired batches of data, i.e., data in which every eleément.
of one data vector 18 associated with an element in another data
vector. As in thé prior two units, the skills to be learned in
this unit presuppose mastery of several elementary concepts and
procedures, Before proceeding to Unit 3, you should assure your-
self that you are familiar with these basics.

This inventory is divided into the following four sections:

1. Review of Units 1 and 2

2. Functions-—Paired Observations; Notation; Plotting

3. Special Types of Functions-—Linear, Absolute Value,

Exponential, Inverse, Logarithm, and Polynomial

4, ?ié;ééiiéﬁﬂéf,?E;Eéiﬁﬁé—-Minimizatioﬁ

Additional references to these topics appear in the Appendix.
Homework problems have been assigned which require use of these

Eﬁiaé to Backéround material.

326
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Section 1. Review of Units 1 and 2

Data acquired by data analysts are usually organized in
arbitrary fashion. While arbitrarily organized data may make
retrieval of specific values easy (e.8., an alphabetical
organization of test grades for students in a class) it obscures
the behavior of the batch of valucs and makes continued analysis

of the batch difficult. The stem-and-leaf display 1s one tool

the data analyst may use to organize data analytically. This type

of display possesses features of a numerically ordered sort of the
values and of a histogram simultaneously. While it permits
retrieval of individual values it also provides a picture of the

shape of the batch and permits one to obtain the order statistics

by counting in. In constructing a stem-and-leaf display one

first notes the extreme values of the batch and makes a choice

of unit for the leaves. These are placed to the right of a

vertical line which breaks the original values in the batch into

stems, which are multiples of the unit, and leaves. Thus, the

numbers -30 thtbugh 30 would appear below in one possibie stem-

ami-ieaf dispiaj’v.

-310 o

-2 | 9876543210

-1 ] 9876543210

-0 | 987654321

o | 0123456789

1 | 6123456789

2 10123456789 .

3|0 N
327
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(Notice that the location of zero on the mumber line has been
split into -0 and +0). It does not matter whether smaller
values appear towards the top of the display or towards the bottom;
the choice is up to the data analyst: Stretched versions of the
display are possible by using two lines per stem with leaves with
values from O to 4 on one line and 5 to 9 on another (using * and .
as reminders) or five lines ‘per stem (using *; t, £, s, . as
reminders). It 15 sometimes necessary to change the unit in the
middle of a display. By using asterisks as place holders and placing
leaves on the set of stems with the correct number of asterisks,
such compound scém;and:iéaf displays can be created. The integers
from 80 to 200 illustrate this impiicit increase in unit.

g* :012345673?

9% |0123456789

1%k [0123456789

2%% |0
display which are based on different units:) Also note that the
change in unit means that not all the integers from 100 to 200
are displayed. Rather, the units shift leads to representing only
the integers 110, 120,. . . , 190, 200. Remember that when making
stem-and-leaf displays free hand, care mist be taken to line up
leaves under one another; otherwise the display's ability to give

an accurate impression of the shape of the batch may be compromised.

XVI.T1.7 32




If the stem-and-leaf display still seems a bit confusing
Chapter 1 of McNeil or Chapter I of Tukey should be reviewed.

While the stem-and-leaf display is a handy and effective
data organizing tool, for some purposes it may retain too much
i{nformation. Putting the information that fs in a batch into

numeric and graphic summaries is called condensation. While

some information is lost in this condensing process; it reduces
the number of distracting factors to a small; easily appreciated
set of values or aspects of pictures: These summaries are
usually more easily manipulated and contrasted than are stem-and-
leaf displays. But remember, they are not as informative as a
stem-and-leaf display. It is usually wise to examine a stem-and-
leaf display of a batch before condensing it.

The five number summary contains the median, hinges and
extremes. The median is the value obtained by counting in the
sorted batch halfway. It is located at the "depth" (N+1)/2 where
N is the total number of values in the batch. If N is even,
then the median is the mean of the two middle values. The hinges
are located if& (depth of the median +1)/2. The extremes are
located at either end of the batch at depth 1. Tukey suggests

the following létter value display for this summary.




Module II

M —WEDIAN

H Hinge Hinge

E Extreme Extreme
¥

An extended version of this display, a fenced letter display, gives
the value of the midspread (the difference in the hinges), a step
1.5 times the midspread), the inner fences (1 step beyond each
hinge), the outer féécés (2 steps beyond), and the adjacent values

Inner Inner
- Fence Fence Adjacent
Values
Outer Outer
Fence Fence

(Note that for some batches adjacent values and hinges may be equal,)




The schematic plot is a graphical summary. It represents

the values from a fenced letter display as a picture.

Outer Fence | L—Inner Fence _ Ioner Ffﬁ“-i;é: : :oOutcr Fence
[ I - ' v
Cmeteed [ | i - clem
Far Qutside i ! 7 [inge Wedian Hinge f | Outside i“;_‘;’:i:“‘
Valuas Outside . .-~ Adjacent Values
val § Adjacent jace
"9 uet value vValue

Note that the inner fences and outer fences are not actually
drawn in the display.

The schematic plot can be drawn vertically or horizontally at
the discretion of the analyst.

The utility of this picture rests in its schematic quality;
it is a structural outline of the batch. Of course, there will
be batches whose structures are mot well conveyed by this form
of display. Batches with separations between values may fit in
this class: Consequently, graphical summaries as well as numerical
summaries should be relied upon only after the entire batch has
been examined in a stem-and-leaf display:

it i easier to think about and summarize batches which are
s ymm metric than those which are mot. In a symmetric batch the median
will be in a position around which the batch could be folded with

one half of the batch reflected by the other half. Consequently,
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the hinges and extremes will be equally spaced from the median.
When the batch is symetrical, the mid-hinge (the mean of the
hinges, MidH), and the mid-extremes (the mean of the extremes,
MidE), will have the same value as the median. This fact can be
@sed to test for symmetry. (Note that in some batches which we
will call symmetric these values will be only approximately equal:)
Some batches, while not symmetric in the original unit,
become symmetric after a simple power transformation of the form

X* where r is & simple power; a rung on the ladder of powers and

where r = O implies logarithms. To find the transformation that
best symetrizes the batch we need only investigate the midsummary
values derived from the batch's five number summary; When

M < Mid H < Mid E ve go down the ladder of powers; when

M >Mid H > Mid E we go up. It should be noted that there may not
be a convenient r which symmetrizes the batch in question: In
that case, the raw values must suffice. The midsummary array of

a transformed batch is called a transformation summary.

" The usual values of r are 1/2 for squate roots; 2 for
squares, -1 for reciprocals (negative to preserve order) and 0
for logs. Sometimes we can achieve easy transformation simply
by using the following rules for types of data. For amounts and
large counts use logs, for percentages use the arc sine of the
square root, and for Béiapces transform before subtracting to obtain

thé 5aiancé.
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A special kind of symmetric batch that has no outliers and
closely approximates a theoretical Gaussian or Normal curve, is called
a well behaved batch. It is mathematically convenient to summarize

such batches with the mean and standard deviation, The mean, X, is

equal to:

E}uz;;

N
and the standard deviation, s, 18 the square root of the variance

and is equal to

Another way of thinking about the standard deviation is to view it .as
the average squared deviation about the mean. An important property

mean of the batch from each value and dividing each difference by the
patch standard deviation. The resulting batch of standardized values
has mean = O and variance = standard deviation = 1.

The importance of this standardization process is that a great
deal is known about the properties of standard well behaved batches:
In particular; we know what percent of the batch lies between various

values. For example, between -1.94 and +1.96 lies 95% of the values.
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Well behaved batches play particularly important roles in statistical
inference for regression by least squares, a topic to be covered
later in this course. Any well behaved batch 18 completely summarized
batches, which are by far the more common variety, the mean and

standard deviation are very rarely sufficient summaries.

questions concerning typical value, spread, shape, and separations
and have searched for a symmetrizing transformation, we have obtained

just about as much information as we can, However, when the data
come. in the farm of multiple batches; we can expand our inquiry

by contrasting the batches with one another: Unordered multiple

property. By contrasting batches we mean that we can compare
typical values, shapes, etc.--all of the features which, for single
batches; we simply noted.

| To perform contrasts on unordered multiple batches we can
use the same tools employed earlier but in parallel fashion. That
18, we can draw stem-and-leaf displays and schematic plots side
by side. We must be careful here to have the plots on the same
scales and to use the same units. We can also usé side by side
numi:ér sunmari.és for contrasfs.

XVI.I1.13 3.4
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Often, a consistent relationship between typical value and

comparison. This occurs when there is an obvious trend in which
typical value increases with spread or vice versa. When this
happens it is very difficult to determine how much of apparent
differences in typical values are due to differences in spread.
An appropriately chosen transformation can often effectively

equalize spread and permit us to perform contrasts with the confounding

influence of changes in spread eliminated. Wé can usually find
this transformation by first calculating the median and midspread
for each batch and then making a scatterplot of log(median) against
log(midspread). If a clear line seems to fit these points we
crudely estimate the slope of this line, m, and transform all the
batches by taking X* where r = 1-m, following the rules for the
ladder of powers. One may also view this procedure as a way of
obtaining the appropriate unit for all the data. (Sometimes it
may be necessary to examine log(median) against log(difference in
extremes).)

Section 2. Functions

1s that of functions. A function 18 an operation involving two
sets of numbers, the input values which are usually denoted by x,
and the output values, usually denoted by y of £(x). (Note this

functional notation. We read notation £(x) as "f of x" or " a
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function of x". Other letters in upper or lower case may be used
instead of £: D6 not confuse the use of parentheses here with their
usual usage in an equation where they imply a multiplicative
operation; Brackets, [ ], and other separators may be used for

the same function notation purposes.) To each input value, a
function assign® exactly one output value: The set of all input
values for a fuhction is called its domain and the set of all

output values is its range.

The mathemdtical operations that we use most often, suc
as square root, Square, and logarithm, are all functions. When
we use a variable to represent the domain of a function, we call
‘it an independent variable. The variable representing the range
is called the éég”éﬁd’etﬂ‘; variable; it is functionally dependent on
the independent varisble. Functions are usually indicated by
letters preceding the independent variable which is enclosed in
parentheses. Thus, £(x) = log X is the logarithmic function;
£cx) = x1/2 1is the square root fumction, etc. A useful way of
thinking about functions is to view them as rules of correspondence.
A graphical representation of this assignment procéss, in vhich val-

ues in the domain are assigned to values in the range, is shown below.

R S
- —3
Dowain Range
XVI.IL.15




We deal with functions whose domain and range consist ‘of
real numbers, ie., functions of real variables. A subset of
these functions are functions which have as their domains only the
integers. These are called functions of discrete variables,

We can obtain geometric representations of functions of a
variable by graphing or plotting the function on a recéanggiar or

Cartesian coordinate system. In this system two real lines

(coordinate axes) are drawn at right angles on a plane so that
they share a common origin. The convention is to label the

vertical line as the y-axis and the horizontal line as the x-axis.

y-axis

When a rectangular coordinate system is drawn on a plane the plane

is called a rectangular coordinate plane or xy-plane, Points may

be plotted on this plane in the following way. An ordered pair of

values, one for the x varisble and one for the y, in that ordeér

33
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(by convention), is determined. These are usually given as a
pair of values enclosed in pareﬁihéééé; To graph the point we
move along the x-axis to the location on the x-scale that equals
the first member of the ordered pair of values. We then move
vertically above or below this point parallel te the.y-zxis until
we reach an imaginary horizontal line intersecting the ‘y-axis at
a point on the y-scale equal to the second of the ordered pair
of values. An illustration appears below for the poinfé (-5;-3),

(4,-3), (=4,3) and (4,3)

Obviously, the procedure can be performed in reverse ordér by first
finding the y-axis location and then thie x. The dashed lines in the
i1lustration are provided for clarity and are mot drawn in practice:

To éiétiﬁguish one point from another we use subscripts. Each
ordered pair receives a subscript value specifying its Bequence in
the set of ordered pairs. If we think of the four plotted points as

having come to us in the iéiﬁéﬁée (;4,3), (4,3), %,-3), (-4.-3)

324
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then we can indicate these four points as follows:

(=4,3)

(iiiyi)
; (4,3)

(iiiyi)
) = (4,°3)

éigi?g)
(x;5,) = (<4,°3)
In general, points are denoted (x;, y,) where 1 runs from 1 for the
first point to n, the last point. When (x., y,) appears alone it
means "some arbitrary point.

Formally, we say that the rectangular coordinates of a point are
given by the ordered pair (x;y) and we use the terms point and ordered
pair interchangeably. The terms for the x and y values in the ordered
pair are abscissa and Srdinste; respectively. We also name the

ts into which the rectangular coordinate system divides the

11 I I Quadtants of the
— cartesiavn Plane
111 1v

We can graph functions by recording in ordered fashion values of
the domain and corresponding values of the range. If the function is
defined on a continuous variable then the number of possible points

that can be graphed will be infinite regardléss of whether the
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. .
function is bounded. We represent the graph of a continuous function
as a smooth curve and a discrete function as a set of distinct
points.

The procedure involves constructing a table for x and y values.
One chooses x valués in the domain of the function and solves the
éqﬁafibﬁ for the corrésponding individual values of y. ‘ﬁ§ﬁiii§; a
few ordered pairs of values are sufficient to allow us to make a
geometric picture of all the ordered pairs that represent solutions
to the equation. Obviously, if the domain and range extend over
all the real numbers, we can't graph the function all the way to
infinity. By convention, we place arrow héads on the end of graphed
curves to indicate that the function continues similarly beyond
the last plotted point (although sometimes the arrowheads are left
out). Examples of these procedures appear below and in the next
section.

Note. that Tot ail equations in x and 'y define functions of x.
Nor are all curves that can be drawn on the xy-plane functions of
x. The critical quality of a function is the assignment of a
of a single value in the domain to a single value in the range.

Compare the following graphs.

Not functions of x. Functions of x.
y - - y-

ERE

x=b y=b
XVIILIY 3.4y



Functions of X

o 2 i ; i"z

In general, the graph of a function, f(x), contains all points
(x,f(x)), where x is in the domain of f. The procedure for plotting
equations which are not functions of X requires obtaining all the
multiple values for y which represent solutions to the equation for a
given value of x.

3171
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Functions of the form

f(x) = ax +b

where a and b are real numbers are called linear functions: Their

graphs are straight lines which intercept the y axis at the point
(0,b) and have slope = a. The slope is often denoted by an “m" and is
the ratio of the vertical change to the horizontal change; or the
number of unit changes in y for a unit change in x. The Greek upper
case delta,"s", by convention, is used to represent change. Thus,
slope is .
and can be computed from any two points that lie on a line, (x50 ¥,)

(iz, y.) by the following definition:

2 — . —
bx x, = %X

For any pair of points satisfying a given linear function, this ratio
is constant. The slope of the vertical 1ine x = a is not defined
(note that this equation is not a function of x).

Some important facts about lines follow:
a. Two lines with slopes m; = m, are parallel.

b. A horizontal line has slope m = 0.

312

Xv1,11.21



c. If m > 0 the line rises from ieft ‘to right, i.e., it slopes
upward.

d. If m <0 the line falls from left to right, 1.e., 1t slopes
downward.

€. The formy = mx + b is called the slope-intercept form of the
line.

f. The form y=y, = mix = xi) is the point-slope form of the equation
for a line.

€. The form ax + by + ¢ = 0 is the general Jlinear form of the

equation for a line.

B. Absolute value

The function with the form

is called the ih;ﬁiﬁié value function: The two .verticai bars
surrounding the x on the right side of the equation are a notational
convention indicating that only nonnegative values of x are to be
returned. Thus, the domain of the absolute value function is all the
real numbers while its range is the nonnegative reals. Its graph
appears below.

y = |x|

The Absolute Value Function 7.}
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The function with the form
L _x
f(x) b
where b > 0,#1 with all the real numbers in its domain is called the
gxpopential function. Its range is all the positive numbers .

The exponential function has a graph with the shape:

when b > 1 and a shape

when b is between O and 1. Regardless of the actual value of b, the
graph has one of these two basic shapes. For b > 1, as b increases

the curve becomes more steep. For b < 1, as b decreases the curve

becomes more steep.
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The constant; b; s called the bage of the exponential. Two
common bases are the irrational number; e & 2.71828; and the number
10. Note that graphs of all exponential functions pass through the
point (0,1). Furthermore; although the curve approaches the x axis,

it never actually intersects it.

D. Inverse

The inverse of a function is that function which when applied to

a function of x returns the original value of x. The inverse, by
hand side of the function just before the left parenthesis, e.g., the
inverse of f(x) is £~Xx) and £1r(x)] = x.

assigns a value in the function’s range to every value in the domain,
then the inverse function takes as its domain the function’s range and
assigns to these values the corresponding values in the function ‘s
domain. For example, if f(x) is a function with a domain value of 5
assigned to a range value of 25 then f -(x) has a domain value of 25
to which 5 is the assigned value in its range. A graphical picture of
this process appears below.

Domain of £(x) . _____Range of f(x)
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The inverse of the linear function, ?(x)-é ax {is ?-1(x) =(1/a)%
since; by substitution; £ If((x)) = £ (ax) = (17a)(ax) = x. The

function f(x) = x is its own inverse. In general, if f(x) = ax+b then

r-Xx) = (17a) (x-b).

Another important inverse function is the inverse of the
exponential, the Jogarithmic. Recall that the logarithm of x to the
base b is defined as

y = 1ong

which is simply a notational way of saying that
Y= x.
To see that the logarithm is the inverse of the exponential we

b*.  Assuming that

must  determine  f M[f(x)] for  £(x)

= 10g.5" = x (fogb) = x. 1In

o]

—
y
—~
|
e
[
"

=1 e
f "(x) = logylf(x)] we have
other words, the logarithmic function is defined as the inverse of the
exponential, .e., it is that function which reverses the ordering of

the pairs of points that represent assigned values of the domain and

range for exponential functions.

logarithm 1is the
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same constant that 1S the base of the exponential: Where the point
be on the 1logarithmic. While the exponential approaches the x-axis
(1.e.; the point where y = 0) but never reaches it (except at x = -w
in the example) the logarithmic approaches the y-axis (1.e., the point

where x = 0) but never reaches it (except at y =-o in the example).

E.

Functions of the form

y=£) = a, + ayx + a,x°

: R ¢ |
1 2 +....+anx

14318 in x of degree n where n is the largest

are called po
exponent of x for a 7 0. Thée exponent of x is always nonnegative and
the 'corui":,&nts, ’ai. are real numbers. i’oiynomiais in x can be plotted

on the Cartesian plane.

The linear function is a polynomial in x of degree 1. An
important polynomial is the polynomial of degree 2, called the
guadratie function. It is usually written as

y = ax’ ¥ bx % o
The domain of the quadratic function is all the real numbers and, in

general, the graph is of the following form.
' i ' y = axZ + bx + ¢

XVI,I1.26



Module II

Note that the graph of the quadratic function may be shifted to the
right or left or up or down depending on the values of the constants.
A graph of a quadratic 1is called a parabola. Another form is

A polynomial of degree 3 is called a gubic. Graphs of cubics

have two bends 1in them: Polynomials of degree higher than three do

not have special names. 1In general, the graph of a polynomial of

degree n has n-1 bends.

Section 4 .Properties of Functions--Minimization
Functions of x can be evaluated over their entire domains or over

portions of their domains. Within any interval on the x axis, a

function is said to be increasine or decreasine depending on whether;
as x increases; f(x) is strictly increasing or strictly decreasing,
respectively. For some functions; such as 1linear functions,; the
function ~:11 be either increasing or it will be decreasing over its
entire domain. This is also true of the exponential and 1logarithmic
functions. However, polynomials have bends in them and are strictly

increasing or strictly decreasing only within some interval on the

v | @

L - —
f(x) decreasing |f(x) increasing

x-axis.

A Paraﬁoia

.. .348
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The parabola in the example decreases in the interval -=<x<0 and is
increasing in the interval O<x<w , The absolute value function,

£(x) = |x| behaves similarly.

f (x) decreasing |£(x) increasing

Absolute Value Function

Functions that are strictly increasing have minimum values of
f(x) at their left-most bound: In other words, linear functions with
positive slope have values of f(x) which are less than any other value
in their range when x is the lowest value in their domain. Linear
functions that are decreasing 66éﬁw their domain, i.e., returning
smaller and emaller values for fzi) as x increases, have a minimum
value in their range that corresponds to the maximum value in their
domain. If these functions have domains which are the real numbers
then their minima are not defined. Exponentials in which b is > 1

decreasing. The same will be true of logarithmic functions.

fiot linear we may placé lines tangent to points on the function and
examine the slopes of these tangents. If the slopes are always
positive, then the function is increasing; 4f the slopes are always

negative, then the function is decreasing.

3.

bady

‘)
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Some non-linear functions have points where a tangent to the
curve will have slope = 0. These are called gcritical points. If the

directionality of a function changes within some interval in its
domain, i.e., 1if it goes from decreasing to increasing or increasing
to decreasing; then the siope of tangents to the curve must go from
positive to negative or negative to positive; respectively. To do so
they must at some point have slope = 0; i.e.; they must have a
critical point in this same interval. If a switch in directionality
occurs in an interval then the critical point is a relative minimum OF
relative maximum depending on whether the changé in directionality
goes from aééiéééiﬁé to increasing or from increasing to decreasing.

\ slopes, m,, positive

f(x) increasing

slopes, m,,
negative,
f(x) decreasing

f(x) neither increasing nor decreaéing

If there are no other relative minima or relative maxima then the

critical point identifies an absolute minimum or absolute maximum.
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1.

Homework
Prerequisite Inventory, Unit 3

On a cartesian coordinate system graph the function

f(x) = |x|*10
for the values of x=-10 through +10. Label the point (0,10).
— . o o - o - B , B - - - - !
On a cartesian coordinate system graph the function
— - ,,7x P - - - - - - -
for the values of x=~10 through +10. Label the points (-1,-1)
and (1,1). ‘

fex) = 1

Make a plot of the function
B = R
for integer values of x from O to 10.
Graph *3492. 1s this a function of X?
What are the domain and range of the following functions?
a. f(x) - ]ix—-i()l

S 16
b. f(x) -
«2

c. f£(x) = Vx5

Locate and label the following points on a rectangular coordinate
system and give the quadrants in which each point lies.

@705 8,73, (§:72),(0,0)

The follcwing table indicates the number of widgets that are
purchased each week for four weeks and the price widgets sold
for in each week. Plot price as & function of quantity. sold.
Sketch in the wave. What is the name for this type of curve

(3n Economic jargon!)? What is the relationship between widget

price and widget sales? 1Is this an increasing or decreasing
function?

week | 1 2 3 4

price/widget |20 10 B S

quantity’week sold | 5 10 20 25
) - J5y



1o.

11.

12.

13.

14.

15.

Module II
Find the slope of the straight line which passes through the
following points.
a. (5,2), (7,5
b. €2,3), (3,-1)
c. (=2,4), (-2,8)
d. (5,-2), (4,-2)

Give in functional form the equations for linear functions that
have the indicated properties.

c. passes through (1,4) and (8,7).
d. passes through (3,-1) and (-2,-9).
For the following give the slope and y intercept of the line.
a. x==2y + 4
b. 4x+ 9y -5=0

c. .}x = Zy +31

5 3 4
a. 5oLk
‘ 3

The forec. ..*d copu®-tion, Py, of a city is given by

P; " i, aét

b <

where P. iz .he :urrent population, a is a constant, e is Euler's

number and - i- ~%: number of years after 1976.
If the city's cuccent population is 100,000 give the forecasted
population ir. 1996 (assume a = :05) What interpretation can you
give to a?
If 6y = le express r as a function of y.
Solve the following equation for x.

x + 1= log,16
Siﬁﬁiif? the expression 102 108 x
Solve the equation y = gl 3 +2 1n &)

RvI.11.31 902



16. The demand equation for a product is defined by
Express x as a function of p:

17. The following graphs are typical of what kind of function?

_V ey

7T T
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Homework Solutions
Prerequisite Inventory; Unit 3

i.
é.
3.
SJ' . ® (g *
> Sume :. —t
4.
No.

5. a. Domain : all reals .

Range : &ll nonnegative reals
b. Domain : all mon-zeroc reals
Range : all positive reals
c. Domain : all reals > 5 )
Range : all nonnegative reals

XVI.I1.3335:¢
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6. ¢ W a T
DU ' S a quadrant.
-0 2 Dol M )
é E(.“. o “i’;’i‘
. L Q.E

Demand curve - {

As demand rises |Decreasing 9
price falls.

8. a. 3/2
b. =475

¢c. not defined

 flx) = X4 3
b. f(x 7£+'2;
c. f(xj-_jc+_2§1
7 ?
o8By .29
d. f£(x) sx S
. i .
. . --’,2
10. = >
- _4 5
b. =539
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11.

12,

16.

17.

Module II

tt

271,828 a is the yearly percentage increase

- 1 108, (6y) . ,

L]

x=1

48

x = £(p) = 101 - 18P ) or 1001-31%22,

1-0792 log 12
a. exponential
b: 3logarithmic
c. parabolic
356
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Lecture 3-0. Introdiction to Unit 3

Introduction to Unit .3, Analvais of (X,Y) data.

Lecture

Content:

fntroduction to the objectives. problem, and notation of Unit 3

Main Topics:

1.
2.

3.

Note to

Specific Introduction to the Objectives of Unit 3
Presentation of Gensral Problen of Unit 3

Notation for Unit 3

Instrucvor:

Unit 3's primary pedogogic role is that of a precursor to
regression. The léctures are set up to provide students with
an intuitive grasp of fitting lines to (X,Y) data so that the
application of specific fitting algorithms do not seem 1like
arbitrary operations. The essential notion remains that of
finding a model that fits the data and quantifies the effect

on Y of movement along the X dimension. Exploratory procedures

learned in earlier units are applied throughout.



Topic 1.

I.

Module II

Specific Introduction to the Objectives of Unit 3

Questions to be answered in Unit 3

1

What is an ordered multiple batch?

a., A collection of batches related in someqpantitative ()

way (as opposed to unordered multiple batches which
are qualitatively related)

b. The ordered relation between batches is defined on
some scale and used in the analysis

c: xamples life expectancies for countries, classified
by per capita income of country; number of vehicles
for transit systems, classified by the population
served by system

What analyses can be done on an ordered collection of
‘batches?

a. How can we best examine the batches by using the
ordered scale of the batches

b. How can we_ summarize the information in the batches

and the relationship between each batrh, and the

c. How can we transform both the batches and the scale
relation

What is an (xi,iié paired observational batch?
a. Data set consisting of two batches of equal size (2)

b. The ith observation of the first batch cggigéfx—,
is related to the ith observation of the second
batch; Y,

i

¢. We thus have a batch of paired observations, or
ordered pairs (X —Y—)

d. Examples 1C scores of twins; achievement pggggit

score (X) and fall final exam score (Y) for each
member of this class

What analyses can be done on a batch of paired observations?

a. How can we best examine the scatterplot of (Xi,Yi)
values
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b. How can we best summarize the relationship between

the X variable and Y wariable

c. How do we determine whether a transformation of either

X or Y or both would improve the summarization
5. What is a batch of time series data?

2. (X,Y) paired data set, where X is time (months, 3)
years, decades etc.)
b. One Y will be associated with each X i.e.: impossible

to have two or more observations at a single point in
time
c. Exacples: Gross National Product of the U.S. for the

years 194,-1976; daily reported cases of swine flu,
January~September 1976
6. ‘What analyses can be done on time series data?
4. How can we smooth the data to remove irregularities

b. How and when can we extrapolate beyond the current

time range; and interpolate between two adjacent time
points
c. What can we say about any periodicities within the
time series :
II. Skills to be mastered in Unit 3 : (%)

Perceiving and analyzing ordered multiple batches

[y
.

Looking at scatterplots of (X,Y) data

N

3. Summarizing scatterplots by fitting lines
4. Smoothing the irregularities in time ~eries data

5. Extrapolating, in:srpolating, and studying the periodicities
of time series data




Module II
Topic 2. Introduction to the Problems of Unit 3
I. What is an ordered multiple batch?
1. Example: Average met interest cost; in percent, for bond (5

sales for public schools, by Bond Moody rating, for various

a. gé;é?iéﬁ; Percent interest for bonds, issued for
public schools

Quantitative aspect: Bonds classified by their

Moody Rating: Aaa-Ba

2. The Quantitative ordering is extremely important. We

can associate for each batch in the collection a value

on the ordered scale.
II. How can we best analyze the batches? (6)
1. Obvious questions:
a. Minima
b. Maxima
c. Spreads
d. Medians
e. Shape
f. Units 3
&
2. Subtle questions: :
a. What is a good typical value for each batch?
b. Conditional on being in & specific batch, what is the
typical value for the batch? We call these
"conditional typical values'
c:. How are these conditional typicais'uSed to summarize
the entire batch?
III. What is a batch of (X,Y) data?
Example: Number of vehicles and vehicle miles for (7)
transit systems serving populations over 1 million
people, in 1971
367)
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a. X variable: Number of Vehicles

b. Y variable: Transit system vehicle miles, in
millions

¢. 11 observations, 1 per transit system

IV. How can we best summarize this batch of paired observations?
1. What can we learn from looking at the (X,Y) scatterplot? (8)
2. Do the data have a linear point cloud?
3. Or doss the point cloud have a peculiar shape?
4. How do we effectively summarize linear point clouds?
5. Can we transforn nonlinear point clouds to make them
more linear, and hence more easily summarized?
V. What is a batch of time series data?
Example: Total expenses for Community Hospitals 9)
a. X time variable: Year, 1950, 1955, 1960-1972
b: Y variable: Costs (in million $)
c: 15 time points
VI. How can we better understand this time series?
1. What curve is traced by the time plot?
2, What curve remains after the data have been smoothed?

3. Can we extrapolate beyond the current range? What will (10)
expenses look like in 19752 1980? What weré they in 19407

4, Can we 16&8E§6i§§§ between two consecutive data points?
What were expenses in 19537 19597
5. Are there any periodicities in the data set?
VII. Conclusion: We ﬁéédrépeéific tools to use in analyses of each
of these three data forms.
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Module II
Topic 3. Imntroduction to the Notationm of Unit 3

I. Ordered Batches

1. Capital letter ("Y") demotes data set
2. First subscript (Y,) demotes specific batch

X, denotes the value on the quantitative scale associated

3.
with batch ¥,

i
4. Second subscript (Y, .) denotes specific observation in

a specific batch 3

II. (X,Y) paired observation

1. Capital letters (X and Y) denote each batch. Pairing of
batches is an underlying concept of multiple regression,
in which one dependent variable (Y) is explained by (paired
with) several independent variables {X's)

2. A specific ordered pair is denoted by (ii’ii)'

III. Time series data

1. Same notation as paired observations




] Lecture 3-0
Transparency Presentation Guide

Lecture S
Outline Transparency I
Location Number Transparency Description
Topic -1
Section I’
l.a 1 Ordered multiple batch
3.a 2 (X,Y) paired observational data
5.a 3 Time series data

Section II

1. 4 Topics for Unit 3
iogiemi
Section 1
1. 5 - Average bond interest costs
§ecti6n 11
1. 6 Plot of average school bond

L L interest costs
Section III

1. 7 Vehicles and vehicle miles for

transit system
Section 1V

1: 8 Plot of vehicles and vehicle miles

Section V
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o o hospitals
Section VI
3. 10 Plot of hospital expenses
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(X; ,Y;) Psiced Observetional Data

Jata is o date set
Consisting of fuo botohes,such that the i¢h
observetion of the First bateh is related
to Me sth ebservation of the second bateh.
We labe/ e'k 7th ohbservation of the First
bateh X; , and 'Z*c ith ebservation of the
second batch Y. and write the pa/r-cd
obser vatian (!, .Y ).

We plot the (%;.Y;) deta, examine the
resulting seatterpht, and summanze the
scallerplet with eenditional typical vales,
translerming oF necessary.
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Module II
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Module II
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Module II
Lecture 3=1. Analysis of Ordered Batches

Analysis of Ordered Batcheés: The perception, display, and summarization
of a collection of ordered batches

Lecture Contént:

1. Discuss the rechniques for displaying two or more batches
simultaneously
2. Introduce new measures ior the summarization of the relation-

ship between the multiple ba:ch and the ordered scale
Main Topics:
1. Display of several batches ordere: .- »...> Scale
2. Introduction of "conditonal typical values" to summarize the
batches

3., Discussica of the effectiveness of ' snditional typical values
in suomarization

374
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M

Topic 1. Display of several batches ordered on some scale
I. Basic Issue: Comparison of ordered multiple batches, using
the natural scale

1. We know how to compare and transform unordered multiple
batches

2. We _are interésced in analyzing ordered ba .ctes in an
effecfive, consistent, and reliable manner

3. We need techniques to_examine the batches, using the scale

assoclated with the collection

1I. Erohiém i Can we simply use the comparison tools of Unit 2 for
unordered batches?

1. Specific questions to be answered are similar to those for
unordered batches '

2. What do we do about the « ~dered nature of the batches?

3. As usuai a condensation of the in’ormation in rhc batches

should f0110w irom an organization of the collection

4. We organizé the batches as in Unit 2, but our condensation
utilizes the natural scale

III. §oiution Organize Parallel Schematic Plots of the batches

with p031tiuning determined by the scale

IV. Method

1. We familiarize ourselves again with theiag inition of an

ordered multiple batch: a collection of two or more
batches that are related in a quantitative way

2. We look *t some hyp0thétic§i examples: life expectancies

for Courntr ies classified by per capita i“°°??,i ng@her of

vehicles per transit system, classified by population
served

3. Here is a real éxéggiérthét we shall eiéhiﬁei

a, ﬁumher of iiVe ﬁirths ciaSSified by the age (2a)

b. Batch observations are various years, 1950-1967 (2b)

~ by e
J
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Module II

We plot ‘the dbservations on an (X;Y) plane . 3)
a. X3 = Valiue on scale for batch i
b. iij = Observation j in batch i
c. xij 18 constant over all j
d. Scatterplot for Live Birth data
i. X, ; mot well defined--given as range; e.g., 24-29
years
ii. Let X.. be the midpoint of each- interval; e.g.,
25-29"Jyears interval has Xy5 = 27
iii. X for Over 45 and Under 15? Arﬁitrary; use 47
and 13
Next draw a schematic plot for each batch--centered at (4)

the correct X for ‘each batch
Width of Eok = width of intervéi associated with the

1grdered" Parallel Schematics witn CMU-DAP

a. Unfortunateiy the plots cannot be positicaed properly

b. Treat each batch separately, and cut and paste each
schematic on a piece of graph paper, in the proper
place

Plotting the raw data with CMU-DAP

a. (Create é,ki} dataﬁfiié,WCQﬁstaht,fOr E,giVen i, to
PLOT againsg the Yij multiplé batch values.

376
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Topic 2. Conditional Typical Values to summarize the batches

I. Balic Issuv- Once organized into paralletl schematics how

cén we summarize each batch

1. The "pattern" of the schematic display is very important
in the znalysis

a. Do the plots increase? If so, ts the increase roughly

linear, or is the functiv..il relation of highar degree

b. Do the plots decrease? Again, what is the functional
form of the decrease?

i. We want to pick one value from each batch to study further
the pattern of the batches

II. Problem: What value do we use for our summarization?
1. The value should be “epresentative

2. If the spread of each batch was zero, we would have no
problem in chcosing a set of typical values

III. Solution: Use medians, cur gocd friend!

14 depends on the bat-t xij value

2. We compute typical values of Yi:5 "Conditionai‘ on being
located in batch i--"conditionai typicals"

1. The typical value for Y,

3. Conditional typical value of Yi given scale value X 3 =

Median of batch i = median. (Y,j; Y 2,...,Y ) where
n, = {f observations in batch I: ing

4. For our live births example--here are the conditional (5)
typicals

5. We can locate each condittonai typxcai within each batch

on the (X,Y) scatterplot, and connect them

6. We study the form of the 1ine segments on this connected (6)
plot

7. Hinges aiao heip in our study--we can locate the hinges, (7)
1d connect them

8. Specificquestion: Do the line segmeits connecting the
conditional typicals form a 11r§_‘,’};’
¢ £
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Module II

9. Secondary question: Are the spreads of the batches

constant?
10. In a later lecture, we transform both X and Y to

a. Promote linearity of the conditional typicals
b. Equalize spread within the batches
11. Conditional Typicals constructed with CMU-DAP

a. Merely use SUMMARY to find medians, and draw them in

on your scatterplot

Lo
-‘}
g
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AR
pln 3, Eifsvtiveness of Conditional Typical Values irx Summarization

I. Basic Issue: Assessing how well conditional typicals describe
the data set
1. The breaking up of data into Fit + Residual has been
discussed

2. For ordered batches: Y , data value = Conditional Typical

for batch 1 + Residual 1J
3. Fit = Conditional Typical for batch i
4, How much is left after we subtract the fit from each data
value?
II. Probles: How do we analyze the batch of Residuals from the
fit
1. Residuals should not be large relative to the fit
2. The batch of residuals should be
a, Symmetric
b. No obvious outliers
c. Close to well-behaved
III. Solution: Analyze the residuals as a single batch using the
tools of Unit 1.
IV. Mechods

1. Back to our example--residuals from conditional typicals ()
for live birth data

2. §£ém-iﬁé-£§§f Display éfigééiduals; Note large number

of zeros, snd a few outliers &))

3, Schematic plot and number summary very helpful--note

symmetry and outliers (i0)
4. Another example: Average net interest costs, in (11)

percent,; for bond sales for public schools. Entries are
for years, 1964-1974
5. Find conditional typicals, plot the values, and find (12)
resicduals o (13)
374
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Lecture 3<2. Looking at (X;Y) data

iéégi§§7§§7(¥;?2 data: Analysis by reorganization of x,Y) ﬁéifé&

observation data | (i)

1. Discussion of how (X,Y) paired observation data may be viewed
as an ordered multiple batch
2. Summarization of the ordered batch representation of the (X,Y)

data set by fitting a line to the conditional typical values

Main Topics:
1. Viewing an éX;Y) data set as an ordered collection of "mini=
batches" oo '
2. TFitting a line to the conditional typical values by using
three mini-batches

Tool Introduced:

Resistant iiné

XVI 11,74
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Module I1
Topic 1. Viewing an (X,Y) data set as an ordered collection of "mini=

batches"

I. Basic Issue: Consideration of a data set of paired observations
as an ordered multiple batch

1. We know the characteristics of an (X;Y) paired observation
datarset ] :wq batches of which the ithfobeetvation of
one is related to the ith observation of the other

2. We have already presented various examples of these data
sets: 1IQ scores of twins; scores on the pretest and the
final exam for each member of the class

3. We now have a good feel for ordered multiple batches and
the summarization of the batches with conditional typical
values

patch gnd thus condense it by the use of conditional
typicals?

5. Example: Percent illiterate in the population, by state,
in 1930 (X) and 1960 (Y) (2)

We shall use this data set in future discussions
II. Problem: How do we break up an (X,Y) data set into multiple
batches?
1. We use the X variable as the ordered multiple batch scale

2. The number of batches i§ of coursé arbitrary~-depends on
the number of observatioas; n; in the data set

3. As limiting cases

a. Use n mini-batches: 1 batch per X (or distinct X)
value

b. Use only 1 batch==Y becomes a single batch of numbers

4, We choose the number of batches so that the corresponding
intervals on the X axis are:

4. Bounded by integers
b. Approximately equal width (if possible)
c. Containing equal numbers of Y values

RVI.II.75
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III.

Iv.

5. A acatterplot of the (X, Y) data is always the first step
in the analysis

a, The plot helps to determine where to break up the
X axis

b. Here is the scatterplot for our illiteracy data--(3)

note linear pattern (important)

Solution: The number of "mini-batches" to use is arbitrary,

and their location along the X axis should be determined by

a scatterplot of the observations

Method: Using the Illiteracy data
1. Here are the mini-batches

1f X, is less than 2%, Y, is in batch 1

[ I

1 i
b: If X, is between 2% and 4%, ii is in batch 2
c. If X, is between 4% and 6%, Y, is in batch 3
d: If X 1s between 6% and 10%, ii is in batch &4
e: 1f ii 15 g greater than 10%, Y is in batch 5

2. Thus have 5 batches, 3 of equal width 2%, 1 of width 4%,

1 of width 10.5%

3. The inequnlity in width was forced by the clustering of
the data points at the left end of the plot

4. Here is the data set arranged into our mini-batches:
Batch observations are the 1960; % illiterate (Y) values

5; We merely analyze this rearranged data set as an ordered
multiple batch

a, Parallel Stem-&nd-Leaf shows 1ncreasing pattern;

few outliers

b: Parailel schematics drawn go that width of box
width of interval. Spreads increase

c. ébﬁpute conditional typical values
Batch 1 0:9%
Batch 2 1.6%
Batch 3 2.2%
Batch 4 3452 397
Batch 5 4.35%

XVI.II,76
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Module i
d. Plot these values and the hinges, connected on a
separate plot. Very linear; eyeball slope = .3  ¢7)
In conclusion; the connected conditional typical plot
is very informative
However, if this plot is linear, we would formally like to
fit a line as a final summarization

395
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Topic 2. Fitting a line to the conditional typical values
I. Basic Issue: Formalization of the analysis of (X,Y) paired

observational data by fitting a line

We want to know exactly how Y varies with X; i.e., if
Y = £(X), what is £?

[

We hope that £(X) = a + bX, a line

N

If £ 48 not a 1iﬁé@7§§?§§§§7§§;§§ﬁ transform X and/or
. Y to make it so. We discuss these transformations in the

Wi

4. Note that Y is a function of X: In Bome cases this is
obviously so: But X could also be a function of Y!

5. In some ways; which variable to use as the dependent
v&riableifygich variable is a function of the other)
is arbitrary

II. Problem: How do we find the a and b in the equation Y = & + bX

1. We would like to use the conditional typical values in
the fitting process =

2. How many mini-batches do we use?

3. Which two points in the connected conditional typical

plot do we use to draw the line?

III. Solution: Use three mini-batches of roughly equal size and

connect the first and last conditional typicals

IV. Method: Resistant Line

The line is known as a resistant line; due to Tukey. It
is a fitting procedure that is resistant to outliers in

[y
.

a. Break the data into thirds according to the X (% illiterate
in 1930) values--easy rule to apply to find endpoints

of our 3 intervals. If the number of observations is

not divisible by 3, put the extra 1 or 2 in the middle

mini-batch. That is not necessary in this case. (8)

b. Find Median X and Median Y in each third
Median X = midpoint of interval =
Median Y = conditional typical of the batch

XVILIL.78 .
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Module II
c. Label these three median pairs

Xi1y2¥ (1)) ‘X(Z)'Y<2))’ ‘x<3)’ 3y

Note that it is unlikely. that the (X, ) pairs
£’ Sié

will actually be paired together in inal data.

d. tocate these three points on the scatterplot and (9)

connect (x£3)’ (3)) and (x(l),y(l)) This is the

fitted 1lin

€. Formally calculate, 3.2
b= (Yegy = Y(i)”‘x<3> - Xay) = 5%
= Median (0'53; 0.63,0.43)=0.43

2 . 0.33

a = Median (Y(i) (i))

f. Examine fitted line on the scatterplot. Note how (10)
well it fits (except Alaska)

g. Line may need to be "polished" or adjusted slightly
for a better fit. - : ) ..

3. To determine how well the line fits the data, we calcuiate
residuals: o (11)
Yf ;é.;b'X:

4. This batch of restduais ts extremely important in (12)

assessing the fit. Treated as a single batch, residuals

should be symmetric about 0, with no outliers.W In other

words ; residuals should be well behaved . mean 0. standard

deviation tndeterminate.
5. Line constructed with CMU-DAP
Use function LINE. Options to save fitted values and

residuals.

401)
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B Lecture 3-2 B
Transparency Presentation Guide

Lecture .
Outline Transparency
Location Number Transparency Description

Beginning 1 Lecture 3-2 Outline

Topic 1
Section I
5. 2 Illiteracy Data, per State,
1930 and 1960

Section II
5.b 3 % Illiterate 1930 vs. %
: Illiterate 1960

Section IV

4. % % Iiliterate 1960 classified into
Mini-batches
5.a 5 Stem-and-Leaf displays of Illiteracy
Mini-batches
5.b 6 Schematic Plot of Illiteracy
L : _ Mini-batches ==
5.4 7 Connected Conditional Typicals for
Topic 2 1960 Illiteracy Data
Section IV
2.a 8 Iiliteracy Data, broken up into
thirds
2.d 9 - Thirds of Illiteracy data and
connected conditional typicals
2.f 10 Z Illiterate 1960 vs X Illiterate
1930
3. 11 Illiteracy Data, Residuals
5 12 Residuals, Stem-and-Leaf
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Stem-and- Leaf of Residuals from Resistont Line
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Module II

Lecture 3-3. Summarizing Scatterplots

Swmarizing Scatterplots of (X;Y) data: Transforming (X,Y) data

sets to improve the linear fit, and fitting lines by least squares.

Lecture Content:
1. Transformations of (X;Y) data sets

2. Least Squares Principle and coefficient estimates

3. Assessing the fit

Main ;I;op'i'cé:

1. Transformations to improve linearity and equalize spread
2. Fitting a line using least squares
3. Looking for patterns in the residuals

Tools Introduced:

1. Least Squares

2. Residual Plots

(AN
| Y
el
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Topic 1. Transformations to improve Linearity and Equaligze Spread

I. Basic Issue: Transformtng data to make a fitted line a good

1. Paired observational data are rarely linear in the raw

form

2. 1In addition to this nonliﬁearity, the spreads of the

constructed mini-batches may not be equal
3. We seek to transform the data to:

a. Improve Linearity

b. Equalize Spread

4. Both these goais are important, and should be sought

whenever possible and necessary

II. Problem: How do we achieve these 2 goals?

1. Linearity is (usually) increased by transforming

the X variable

a. Transforming X to higher powers has the effect of
stretching the X axis, which promotes linearity in _
plots that resemble exponential functions (eX) or (-e¥)

b. Transforming X to small powers has the effect of
shrinking the X axis; which promotes linearity 1§ plots
that resemble negative exponential functions (e~
or (-e7¥)

2. Spread is often equalized by transforming Y; similar to

transformations to equalize spread with mulciple batches

3. Our conditional typical values should be useful in choosing

good transformations, since the plot of the values "mimics"

the patterns of the (X;Y) scatterplot

III.. Solution: Use (median X, median Y) points from the three thirds
for resistant lines
1. We divide the data into thirds on the basis of the X-values,
keeping each Y with its paired X-value.
2. We then have 3 sample points
X X X )
Xy Yy Ky Yezy)r Figyi¥es
which are the medians of the 3 mini-batches
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The effect of trunsfarmations on the data set can be seen

3.
by merely transforming the 3 sample points
4. Seek a transformation se. that the. slopes
i,;gi -Y.- 1 Y Rl =Y. Ri
{2 (1) - 3 (2)
i, R2 - X, ,32 Rz po sz
(2) (1 X3) (2)
are equal:
s
or §j'= 1
2
ﬁetﬁéé
1. Ele Per capita Income (X) and Infant Mortality (Y) (2)
for nations (2a)
2. Scatterpig;iphows both nonlinearity (curve has e * shapé) (3)
and disparity in spread
3: Mini-batches of data are constructed '
4. Mini-batches are plotted via Pargllel Schematic Display-- (4)
discrepancies from ideal situation are evident
'5. Comecting the Conditional Typicals and Hinges is quite (5)
useful in itudying the relationship of the raw data
6. Recall Tukey s diaggggﬁ§957§ggermining which direction
to move in our transformations. Transforming Y can also
help improve linearity
7. However, we first concentrate on transforming X for
1tgg§gitgi _If necessary, we then transform Y to equalize
spread and possibly promote increased linearity
8. As mentioned, we take the three resistant line summary
points, and examine the line connecting the first and
second, and the line connecting the second and third
9. Wyggfghe slopes of these lines are equal, wé have the
appropriate transformation of x and Y
10. The calculations for our example: 1log, log appears best (6)
11. Scatterplot of log (infant mortality) vs log (income) 7

is very linear

XVI.II.95
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12. Fitted resistant line: Y = 3.33 = .59X (8)

13. Residuals are nice and tight around zero, except for 2 (8)
large values (Livya and Saudi Arabia)

14: 1In conclusion; we study the effect on the achematic plots
of the mini-batches of the log X and log Y transformations

a. 1log(X) has shrunk the X scale; and increased iinearity(9) -

b. 1log(Y) has definitely equalized spread M.
¢. Put them both together, and plot looks very good (11).
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Topic 2. Fitting a line using least squares
I. Basic Issue: Presentation of the Least Squares Principie

1. Resistant line is just one method of fitting a line to
an (X,Y) point cloud

2. We prefer it because it is resistant to outlying or
deviant points -

3. The "classical" fitting procedure is known as "least
squares" '

4. 1In recent years least squares has come under attack

because it is very sensitive to outliers .
II. Method
1. The least squares principle finds the line which has 65%12)

minimum value of the quantity:

(¥; - & - bx))

Iy i-¥

i=1

2. This line; Y; = & + bX,; minimizes the sum of the squared
residuals *
very important in assessing how well the line fits

4. Here is the geometrical interpretation of least squares:.
Note that we minimize the squared distances of the points _
from the line (13)

5. The least squares line will be a good fit when:

a. Data ave linearly related

6. FHow do we assess the fit? (s)

a. Examine the residuals--stem-and-leaf, plot vs X
(see Topic 3)

b. Examine variance about the line:
: < s a2
2 . (Y - @ Bxi)

yix n-2 o
We want this as small as possible
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c: éi&@;ﬁéfégéfﬁings the ratic of residual variation

to the total variation of Y:

2 _ .. Ty -8 -8xp? . sZ

”’\‘

This is the "percent of variance" explained.
7. Least Squares line for Infant Mortality data: (15)
Y = 3:11 - .512%
Slope differs from resistant slope
8. Residuals slightly more tight around O than with resistant (16)
line
9. Least Squares with CMU-DAP

Use function MREG.

41)’
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Topic 3. Looking for Patterns in the Residuals
I. Basic Issue: What should the batch of residuals resemble?
1. Batch of residuals should be:
a. SiﬁEeEric about zero
b: Devoid of outliers
2. That is: batch should be well-behaved

Plotted against X, residuals should be a random swarm of
points; with no pattern

(¥i]

II. Method: Residual Plots

1. Plot of residuals (Y) vs X for Infant Mortality data--no (17)

pattern evident, two high outliers are apparent
2. Patterns to look out for
a. Trigonometric (Sinusoidal)
b. Sign patterns
¢. Wedge shape
d. Linear
e. Curves

f. Deviants
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Lecture 3-3

_Transparency Presentation Guide

_Lecture _

“Outline Transparency - o
Location " Number Transparency Description
ﬁéginnihg 1 Lecture 3=3 Outline
Topic 1
Section IV
1. 2 Income and Infant Mortality
2a Rate for Nations :
2. 3 Scatterplot of Income and
Infant Mortality
4, A 4 Schematic plots of Infant Mortality
5. 5 Conditional Typicals for Infant
Mortality data
10. ‘ 6 Determination of Transformation
for Infant Mortalities
11. 7 Scatterplot of Logged Infant
Mortality data, with Fitteéd Line
13 8 Stem-and-Leaf of Residuals
14.a g7 Schematic Plot--X transformed
1%.b 10 Schematic Plot--Y transformed
l4.c 11 Schematic Plot--X and Y transformed

Topic 2
Section II

1. 12 Least Squares principles

4. 13 Geometrical Least Squares

6. 14 How well does the Least Squares
Line fit

455
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Topic 3
Section II

1.

16

17

ﬂbduie 11

Least Squares Line of Infant
Mortality

RéSidﬁéis from Least $Quares
Lines

Residual Plot for Infant
Mortality Data
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LECTURE 3-3

2 Diseussion of dransformations of (X Y) data

se?s.

g.)ﬁe Zeas? qaan., Pn'aél;p/é ond eshimates
of the coefficients.

2) Rssessing  the £:4.

QTru:%r ii#i.iﬁ "-}5 ,‘w pve ’Iagﬂfl;ﬁ' and
egual/se spread.

2) Fv’#f'ﬂj a /ne using least sguares.
8 Leoking for paferns in the resioluals.
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Scatlecplet o Por cqpte Tncome vs. Tnfan? Moctakty
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Module II

Lecture 3-4. Analysis of Time Series bata

Structure, and studying and summarizing time series data with substantial
structure

Lecture Content:

(1)
1. Sﬁbbtﬁing,tiﬁé ﬁibté to remove irregularities; and iaéﬁtifyihg
any periodicities in the data
2. Fitting lines to time plots, and extrapolating and interpolating
apparent trends

ﬁain Eoﬁicéé
1. Smoothing Time Plots
2. Summarizing Time Plots

ﬁunning Médians of 3 Smoother

417
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Topic 1. Smoothing Time Plots

I. Basic Issue: Time Series Data may have guite & bit of "moise"

1. Time serles data consist of paired data, where the X

value is a time scale--days, months, years, etc.

2: We generally have only one Y observation for each X
value
3. Such data sets can be quite irregular, having many peaks

and troughs, when plotted

4. We need to be able to find the pattern of the data (if

present) by filtering out thé irregularities; or "noise"

II. Problem: How do we best identify any patterns in the data

1. Time series data are commonly collected. We can think of
many examples: U.S, Gross National Product for the years 7
1946-1976; daily reported number of swine flu.cases, January-
September 1976; Dow Jones averages in a 30 day period

2. ¥e need techniques applicable to all these instances

3. Wi would 1ike to average a time series data set to remove
nile

4. The '~ are 2 4jstinct methods of averaging
a. " arhily Averapes
b. R:i: iz Averiges

5. Monthl, avaiges vccur when data are collected daily and
then are sut.ed or averaged so that only one data value
is reporteze fot each donth

6. Similarly; w..can average moathly data to get yearly data,

yearly data to obtain decade data, ctc. o

Such averaging is quite helpful and often used; however

there is a great reduction in number of observations
(30 + 1, 125 1, etc.)

~3

does not occur
III. Solution: “Smooth" the data by taking running medians of
three
1. Swmoothing has become quite popular in the last 10 years

because it is easy to do and is effective

q.

[N

o ©
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Module II
2. We have chosen & very simple smoother--running medians
of 3--which works well even though it is simple
IV. Method

1. Esample: Emergency Room registrations at D.C. General  (2)
Hospital, 1970-1975. Monthly data

2. The first step is always make a time plot of the data (3)
a. Note the many peaks and troughs
b. Data appear to increase until 1973, then fall

c. Very difficult to compare years because of
irregularities

3. We shall smooth the data to remove thesé

a. Write down the data in one column on the left (4a)
margin of a page (4b)

b. Take 3 values consecutively and record their median;
for the second data value 8120, record med(7476, 8120,
7706) = 7706

c. Continue through the data, taking 3 at a time

d. Endpoints? Merely copy the end value. Tukey has other
suggestions

e. Continue the smoothing until the ith smooth is iden-
ticai to the(i-1)st smooth: These data required 3
8moo chs

f. From oua smooth to the next, we need only record
those valiies that change

g. Plot th: smoothed data, and study it
1. Hospitzl data similar from year to year
ii. Rises, vesks in summer, then falls
1ii. 1973 distinctly higher; 1971, 1975 distinctly  (5)
lower
1§ this the whole story? Suppose we consider the total (6)
number of registrations, and divide to obtain 7% of all
registrations that are emergencies
a. Thes Ata are more similar, and their plot has less (7)
pati
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b. We EEBSEF EEE;& percentages and plot them (8)
1. Shape is similar to before; peak in summer; low
- 4in winter

11. Hence conclusions are similar to conclusions from

raw data
Note that these data had little trend or linear increase;
we could not fit a line to them. In the next section, we

analyze data with more pattern

Smoothing with CMU-DAP:

Use function SMOOTH

q 5 ‘)
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Topic 2.

I.

- - Module I
Summarizing Time Plots

Basic Issue: Describing the trends in time series data

Aﬂi; After smoothing the data, if there is evtdence of time

II.

III.

trends, we should transform the data (if necessary) &nd

fit a 1ine

2. Specific issues are
&. Extrapolation: can We say anything about the data
beyond the range that we have?

b. Interpolation: Can We estimate a Y value for a time

point lying between 2 time points for which we have
data?

3. Data with substantial structure are much easier to extra-

polate and interpolate than data that are mostly noise

4. Are there any monthly, seasonal, etc. trends? These are

called periodicities, and if present; should be noted

5. Finally, how does (xi,yi) relate to (xi 1 Yi 1)

Problem: Are there any problems ﬁﬁiiﬁé to time series data?

1. With only one Y valiue for every X, eqna}}yigggped X's,

trends are much more evident than with ordinary (X,Y)
data

2. The study of periodicities and extrapolation and

tnterpoiation presents no difficulties; however one

must use caution, because dfawing conclusions from a

data set is a "delicate" matter

Methods
1. We study another example: per capita expenditures for (9)

household electricity in the U. S., 1929-1972. Data are
in hundred $/person

2. Data reveal an exponential trend
3. Take log (Y) and find a reasonably linear trend (10)

4, ?iiiéd iine héé equation : (ii)
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5. Note cyclical pattern of residuals from lime--this pattern

is an example of a 20 year period: high in ~ 1935, low
in 1945, high in 1955, low in 1965
6. Residuals as a schematic piot look fine (12)
7. However, plotted against X, the periodicity is revealed! (13)
8. Extrapolation is reasonably easy, because the linme is an (11)
adequate summary
9. Interpolation is also straightforward; but remember
periodicities!
10. A further example: Number of physicians in the United  (14)
States, 1850-1973
a. Data on U.S. population reveal that increase has not
been constant with the population

b. Suppose we plot (Xi.Yi) as & function of (xi,i,?i_i):
we let our Y variable be Y. and our X -

we ~e- our i
Yariable Yi-i
c. Plot i8 amazingly linear! (15)

i. y(t-1) can be used to make good predictions of Y(t)
1i. The regression of ¥(t) on ¥(t-1) is a "lagged
regression'; and the knowledge that this regression

is good is quite useful
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Module II

~ Lecture 3-4
Transparency Presentation Guide

Lecture I
Outline Transparency B R
Location ,Number’ - . lpa_n_g E&;&ne € y_Desc’ r-Y-Y, %ipt—